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Preface

This class taught by Jerry (Xiaoheng) Wang in Winter 2024. The topics covered are:

1. Absolute Values: Absolute values, Topology, Classifying local fields, Hensel’s
lemma, Newton polygon, Extensions of absolute values for complete valued fields.

2. Ramification: Totally ramified, Tamely ramified, Unramified extensions, item
Ramification groups, Discriminant, Upper numbering ramification groups, Local
Kronecker-Weber, Serre’s mass formula.

3. Absolute values over Global fields: Places of global fields, Product formula,
Discriminant again, Decomposition groups, Inertia and Frobenius, Chebotarev
density theorem, Cyclotomic extensions, global Kronecker-Weber.

4. Local Class Field Theory via Lubin-Tate theory: Main theorems of LCFT,
Formal groups, Lubin-Tate extension, little-bit of GCFT.

The main prerequisites are commutative algebra, Real Analysis, General (Point-set)
Topology and Algebraic Number Theory, but it is recommended to know basic algebraic
geometry (but not mandatory).






]. Absolute Values

§1.1 Introduction

The main objects of interest of algebraic number theory are the algebraic extensions of
Q. By Galois theory, this amounts to studying the absolute Galois group Gal(Q/Q) and
its closed subgroups. This turns out to be way too difficult! If we restrict our attention
to abelian extensions (i.e. Galois extensions with abelian Galois groups), things are a lot
cleaner.

Theorem 1.1.1

(Kronecker-Weber) Every finite abelian extension of Q lies in a cyclotomic extension

Q(Gm)-

We will prove this result in this course. Let’s look at some toy examples first. Notice
that The icosahedron problem in 2023 Putnam A4 is related to Q(v/5) C Q({s) with

VB =2(G+ G+ 1.

Similar to 3, one can check that v/7 ¢ Q((;) as the real subfield of Q(¢;) has odd degree
over Q. Instead, we use . .
[I G-¢r=pp?
1<i<j<p—1
where p* = (—1)®=1/2p. This means that Q(,/p*) € Q((,). By throwing in ¢, if needed,
we have

@(\/1_7) C Q(Cp?@) = Q<C4p>'

Since every quadratic extension of @ is a compositum of Q(,/p) and Q(y/—1), we have
proved Theorem ?7? in the degree 2 case. The degree 3 case also has some very interesting
examples. A Cs-extension of Q is of the form Q[z]/(f(x)) where f(x) € Q[z] is irreducible
with square discriminant. For example, for f(z) = 2® — 3z + 1, we have

A(f) = —4(—3)% — 27(1)* = 81.

My 145 students/TAs would recognize 2> — 3z + 1 as the minimal polynomial of (s + (.
So

Qla]/(2® = 32 +1) 2 Q¢+ ¢ ) € QG)-

Exercise: If you are told that the discriminant of 2® + 22 — 22 — 1 is 49, what would
you guess the field Q[z]/(2® + 22 — 22 — 1) to be? This is Q(¢; + ¢;''). You can check
this, and the 2 — 3x + 1 example, by computing f(x + 2~ 1).

As another example, we take g(z) = z* — 9z + 9 which has discriminant —4(—9)% —
27(9)* = 9% = 3%, Which cyclotomic extension contains Q[z]/(z® — 9z + 9)? Testing some
small values gives

g(—1) =17, and  g(—2)=19.

This implies that g(x) factors mod 17 and mod 19. Since Q[z]/(g(x)) is Galois, we
see that g(z) splits completely mod 17 and mod 19. Trying more values leads one to
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conjecture that g(x) splits completely mod p if and only if p = 3 or p = £1 (mod 9).
A couple of results we will prove in this course say that Galois extensions are uniquely
determined by the set of primes that split completely; and that the primes that split
completely in Q({y + (5') are exactly these as well. So this suggests as well that

Qlz]/ (=" = 92 +9) = Q(¢o + G5 ).

It is then not to hard to do some calculation to find that ® — 92 4+ 9 is the minimal
polynomial of (g + (5" — (2 — (3% So the above is in fact true as Q({y + (5 ' — (2 — ¢ %)
is a subfield of Q((y + (o ') of the same degree over Q.

There are some important observations from these examples:

o The discriminant gives us information on which cyclotomic extension Q((,,) to
consider and which mod to consider.

o The set of primes that split completely are given by congruence conditions mod
the above.

We will see that these are the artifacts of abelian extensions! There is an even more
important idea to be learnt here: we should study the extension one prime at a time.
The process of “localizing” Z so that only the prime (p) matters is called localization.
The ring Z,) is formed by adjoining the inverses of every integer not divisible by p. The
ring 7Z, of p-adic integers is formed by taking its (ring-theoretic) completion at (p):

Z, = I%HZ/p”Z ={(bn) € ﬁ Z/p"Z: by = b, (mod p")}.

n=1

More concretely, we can write every element of Z, as the formal infinite series
ag + arp + asp® + azp® + - -

where each a; =0,...,p — 1 so that ag + a1p+ -+ + a,_1p" ' = b, (mod p"). The field
Q, of p-adic numbers is the field of fraction of Z,. It is an example of a local field and
we will be studying extensions of it. For example, we will prove the local version of
Kronecker-Weber: every finite abelian extension of Q,, is contained in some Q,((y,). We
will then use this to prove the global version after studying how the Galois group of the
local extension and the Galois group of the global extension relate to each other.

How does the field Q) relate to the field Q7 The field QQ, is uncountable, and so is not
algebraic over Q. One can show that the p-adic integer

0o '
n=0

is transcendental over Q. The proof of this is very similar to the proof that the real
number > >° 10~™ is transcendental over Q: that it can be approximated too well by a
rational number. Now to say that a real number « is approximated well by a rational
number 7, we are saying that the absolute value |r — « is small. Can we define a notion
of p-adic absolute value on Q (and extend naturally to Q,)? Yes! We can define it using
the p-adic valuation. For any nonzero integer a, we define its p-adic valuation p,(a) as
the largest integer k such that p* | a and we extend it to Q via p,(a/b) = p,(a) — p,(b)
and p,(0) = co. It behaves fairly well with respect to addition and multiplication: for
any r,s € Q,

pp(rs) = pp(r) + pp(s), — and  pp(r +s) = min{pp(r), p(s)}-
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We then define the multiplicative p-adic absolute value by |r|, = p~ ") for any r € Q.
It is multiplicative |rs|, = |r|,|s|, and satisfies the ultrametric inequality:

|7+ slp < max{[rly, |s|p}
which is stronger than the triangle inequality
[+ slp < Irlp + [y

We now have the p-adic metric on Q: d,(r,s) = |r — s|, so that two rational numbers
are close p-adically if and only if their difference is highly divisible by p. Just as R
can be defined as the completion of Q with respect to the usual archimedean distance
deo(r,s) = |1 — S|so, the field Q, can be defined as the completion of Q with respect to
the p-adic metric d,(r, s).

Are there any other interesting absolute values on Q7 To answer this, we should
properly define the notion of absolute values on fields.

§1.2 Absolute values

Let K be a field. An absolute value on K is a function |.| : K — R such that for any
x,y € K:

1. (Positivity) |z| > 0 with equality if and only if 2 = 0;
2. (Multiplicativity) |zy| = |z||y|;
3. (Triangle inequality) |z + y| < |z| + |y|.
Absolute values that satisfy the stronger ultrametric inequality:
|z +y| < max{|z], [y|}

are said to be non-archimedean.

Example: What are the absolute values of a finite field F,? From multiplicativity, we
see that |1] = 1 and so for any root of unity u with «™ = 1, we have |u| = 1. Every
nonzero element of a finite field is a root of unity and so the only absolute value on I, is
the trivial one: sending 0 to 0, and everything else to 1.

Our first goal is to classify all absolute values on Q. Let’s make some general observa-
tions first.

1. Every field has the trivial absolute value defined by |z| = 1 for all  # 0.

2. For any absolute value |.|, we have |1| =] —1| =1, and |(| =1 if ( € K is a root
of unity.

3. For any positive integer n, we have |n|< |1+ 1+---1| <n.
4. If |.| is an absolute value on K, then for any a € (0, 1], |.|* is also an absolute value.

5. If |.| is a non-archimedean absolute value on K, then for any a> 0, |.|* is also a
non-archimedean absolute value.

6. On Q, |.|%, is not an absolute value if > 1 and |.|§ is not an absolute value if a< 0.
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Theorem 1.2.1

(Ostrowski) Every nontrivial absolute value on Q is of the form |.|% for some a € (0, 1]
or of the form |[.|7 for some prime p and some a > 0.

Proof. We make the following comparison between |m| and |n| for any two integers
m,n > 1. For any k € N, we express m* in base n to get

m* =ag+an+ -+ a0’

with a; =0,...,n — 1 and r < klogm/logn. So
Im|* < (ap +ai + -+ +a,) max{1, |n|}" < n(l+7r)max{1,|n|}".
Taking k-th root and letting k — oo, we get
Im| < max{1, |n|}les™/logn (1.1)

Suppose first that |p| > 1 for all primes p > 1, and so also for all integers n > 1. Then
(77?) gives
‘m|1/10gm < |n|1/10gn

for any integers m,n > 1. Swapping m and n shows that they are all equal. Let ¢ > 1
be the common value. Then
logm

jm] = & = m[[%°.

This completes the case of archimedean absolute values.

Suppose now that |p| < 1 for some prime p. Then by (??), |¢| < 1 for all primes
q. Hence |n| < 1 for every integer n. Suppose further than |p| < 1. Suppose for a
contradiction that there is a prime ¢ with |¢| < 1 and ¢ # p. Then there exist integers
a, b such that ap + bg = 1. Then

1 < max{lallpl, Pbllal} < 1.

Contradiction. Therefore, |.| = [.|7 where a =log; , |p| > 0. O

What about the field F,(¢)? As the following results show, we only need to consider
the non-archimedean ones.

Proposition 1.2.2

An absolute value |.| on K is non-archimedean if and only if the set {|n|: n € Z} is
bounded (and so by 1).

Proof. (=) is easy: |n|= |1+ ---+ 1] <max{[1],..., 1|} =L
(«<): Suppose |n| < M for some M > 0 for all n € Z. Then for any z,y € K and any
keN,

u k % —1
ot < 21§ Yl < 4 ol )
=0

Take k-th root and take limit as k — oo. O
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Corollary 1.2.3

If K has positive characteristic, then all absolute values on K are non-archimedean.

We can now classify the absolute values on F,(¢) in the same way as non-archimedean
absolute values on Q. Suppose first that |¢| > 1. Then for any polynomial, we have

|adtd —+ 4 CLO| = ’t|d

by Proposition ?7(a), since every summand has a different absolute value . Let |.|o, be
the absolute value on F,(t) defined by |f(t)|s = g%8) for any nonzero polynomial f(¢)
and then extended by multiplicativity. Then |.| = |.|%, for a = log, [t| > 0.

Suppose now |t| < 1. Then for any polynomial f(¢), we have |f(¢)| < 1. We can then
use the same argument to conclude that there is a unique irreducible polynomial 7(t) such
that |m(¢)| < 1. Let |.|x() be the absolute value on F,(¢) defined by |m(t)|x = ¢~ 8™
and |f(t)|z¢y = 1 for any other irreducible polynomial f(¢) and then extended by
multiplicativity. Then |.| = |.|%,) for a = log - acs( |7 (t)| > 0.

Theorem 1.2.4

Absolute values on Fy(t) are all of the form [.[5, or |.[%,) for some irreducible
polynomial 7(¢) and some a > 0.

There is also a ring-theoretic treatment of non-archimedean absolute values.

/ I
Proposition 1.2.5

Let |.| be a non-archimedean absolute value on K. Then:
(a) If 2,y € K with |z| # |y, then |z + y| = max{|z|, [y[}.

(b) The set O = {z € K: |z| <1} is a local ring with group of units O* = {x €
K: |z| = 1} and maximal ideal m = {z € K: |z| < 1}.

J

Suppose now |.| is a nontrivial absolute value on K where K = Q or F,(¢). Let R =Z
or F,[t] and we suppose that R C O. Then m N R is a proper nonzero prime ideal of R.
Since R is a PID, we have m N R = () for some irreducible 7 € R and |.| is some power
of ||

§1.3 Topology

Absolute values on a field K define metrics by d(x,y) = | — y| and then topologies on
K. Two absolute values are equivalent if they define the same topology. One important
property about equivalent absolute values is that

[zl <1 <=2z <1 <= lim 2" =0.
Note also that
g >1l<= v i<l |zl <l <= |z >1

and that |z|; = 1 <= ||z = 1. Only the trivial absolute value is equivalent to the trivial
absolute value, which defines the discrete topology.
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Proposition 1.3.1

Two absolute values |.|1,|.]2 on K are equivalent if and only if |.|o = |.|{ for some
a > 0.

Proof. The backwards direction is obvious. Suppose now |.|1,|.|2 are equivalent and
suppose they are nontrivial. The key is that for my,mo,n1,n0 € N and z,y € K*, we
have

[l < fyh < e = el < yla < Jalg .
This follows by considering y™ /2™ and y™/x™2. For any positive real number b, by
choosing my, ma, ny,ne € N so that my/n; — b~ and my/ny — b*, we see that

[yl = [2i <= lylo = al5.
Hence log |z|2/ log |z|; is constant over x € K* with |x|; # 1. O

When K = Q, the absolute values equivalent to |.|s induce the usual Euclidean
topology, and the absolute values equivalent to |.|, induce the p-adic topology. Since
only powers of p are possible values of |z|, for = # 0, we see that |Q*|, is a discrete
subgroup of R* and open balls and closed balls are the same thing and they are of the
form r 4 p"Z for some r € Q and some n € Z.

An absolute value |.| on a field K turns K into a metric space which can then be
completed into a complete metric space K in which K is dense. Recall that the completion
K of K can be constructed as the set of equivalence classes of Cauchy sequences in K. It
is easy to check that term-wise addition, multiplication, negation, inversion give K the
structure of a field and the map K — K sending  to (x,z,...)is a field homomorphism.
The absolute value |.| extends naturally to K making it a complete valued field. It is
universal in the sense that if (L, |.|) is a complete valued field, then any homomorphism
(K,|.]) = (L,].]) preserving the absolute value extends uniquely to (K&, |.|).

The completion of (Q, |.|«) is R. The completion of (Q, |.|,) is the field Q, of p-adic
numbers. If (z,) is a Cauchy sequence in Q such that lim |z,|, # 0, then eventually,
|2y, — Ty < |Tnlp causing |x,|, to be eventually constant. Elements in QQ, can be viewed
as formal series of the form

a_pp "+ tasp T Hagtapt o+ app” 4

with 0 < a; < pand 1 < a_, < p. Its p-adic absolute value is p". The ring Z, of
p-adic integers is the subset of Q, consisting of elements with |.|,< 1. It is a local ring
containing Z, with maximal ideal pZ, and residue field Z,/pZ, = Z/pZ = F,. Given any
positive integer n, Z, can be covered by p" open balls of the form r + p"Z,. Hence Z, is
totally bounded, and since it is a complete metric space, it is also compact. As a result,
Qy is locally compact.

The completion of (Fy(t),|.|oo) is Fy((1/t)). The completion of (F,(¢),|.|:) is F,((¢)).
For any irreducible polynomial 7(t) € F,[t], we will show below that the completion is
isomorphic to k((t)) where k = F,[t]/(7(t)). They are all locally compact for the same
reason that Z, is compact: finite residue field.

A local field is a locally compact valued field (K |.|). It is automatically complete,
since completeness is a local property and a compact metric space is complete. Since
scaling is a homeomorphism, the locally compact condition is also equivalent to saying
that the closed unit ball (or any closed ball of finite radius) is compact.
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4 N
Theorem 1.3.2
Every local field is isomorphic to:
1. (Archimedean) R or C with the usual absolute value;
2. (Non-archimedean) a finite extension of Q, or F,((t)).
. J

Suppose first that K is an archimedean local field with absolute value |.|. Then K
contains Q and |.| restricts to an absolute value on Q, which must be archimedean since
being archimedean or not can be checked on Z. Since K is complete, K will also contain
R. Suppose for any r € R, |r| = |r|% for some a € (0, 1]. Viewing K as an R-vector space,
we see that its local compactness implies that K is finite-dimensional over R. Then by
the fundamental theorem of algebra, we see that K =R or K = C.

There is a little subtlety in the above argument. Since the absolute value on K may
not restrict to the usual absolute value on R, we need to be a bit careful in applying
the usual results from analysis. In this case, we are using Riesz’s Lemma to construct,
in the case dimg K = oo, an infinite sequence (x,) C K such that each |z,| = 1 and
|z, — x| > r for any fixed r < 1. Indeed, suppose we have xy, ..., x, constructed. Let
U = Spang{z1,...,x,} which is a closed proper subspace in K (note that this uses the
completeness of R). Take any y ¢ U. Let R = inf,cpy |x — y|. Fix any € > 0 and let
z € U be such that |y — z| < R+ e. Let t € R be a positive real number such that
|t| =1/|y — z|. Take 2,41 = t(y — z). Then for any = € U,

o = gl = e/t = (g = DI = el /e +2) 4] 2 2 v

for € small enough. The sequence (z,) has no convergent subsequence and so K is not
locally compact.

We now focus on the non-archimedean case. We define some adjectives.

o A non-archimedean complete valued field is a field K equipped with a non-
archimedean absolute value with respect to which K is complete.

o A complete discrete valued field is a field K equipped with a discrete absolute
value with respect to which K is complete.

« An absolute value |.| on K is discrete if |K*| = {|a|: a € K*} is discrete in Rxy.

Exercise: Prove that a discrete absolute value is non-archimedean.

Proposition 1.3.3

If (K,|.|) is a non-archimedean local field, then |K ™| is discrete in R+.

Proof. Similar to the analysis of Cauchy sequences in Q, non-archimedean absolute values
have the important property that if (z,) converges to some nonzero limit z, then the
absolute values |z,| are eventually constant. If a # 0 is an accumulation point of |K*|,
then there exists a sequence (z,,) with distinct absolute values such that |z, | — a. Then
eventually x,, belongs to the closed ball of radius 2a centered at 0, which is compact, but
(x,) has no convergent subsequence. O
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In other words, we have the following containments:
{non-archi. complete valued fields} D {complete discrete valued fields} D {non-archi. local fields}.

For example, C((t)) where we define |\| = 1 for every A € C* and |t| = 1/69 is a complete
discrete valued field that is not a local field, because it is not compact. Its algebraic
closure is the field
K= |JC((#")
n>1

of Puiseux series over C where we extend the absolute value by [t/"| = 69~1/". By HW1
P1, K will not be complete, but its completion will be a non-archimedean complete
valued field with a non-discrete absolute value.

Proposition 1.3.4

Suppose |.| is a discrete absolute value on K and K is complete. Then m is principal.
In other words, O is a discrete valuation ring. Moreover, O is compact if and only if

the residue field k£ = O/m is finite.

Proof. Since |.| is discrete, there exists 7 € m with the largest absolute value. Then for
any a € m, |a/7| <1 and so a € ().

Since m is open and O can be covered by #(O/m) cosets of m, we see that if O is
compact, then the residue field is finite. Suppose conversely that O/m is finite. Let
S C O be a complete set of representatives for @/m. Then every element a € O can be
written uniquely as

a:a0+a17r—|—a27r2+~~-

with a; € S. Note that completeness implies that the above sum converges and
O = limO/m".
i

The same argument for Z, now proves that O is totally bounded and so compact. [

Note that if we have a ring homomorphism « : O/m — O such that the composition
O/m — O — O/m is the identity map, then we have O = (O/m)[[t]]. Such a ring
homomorphism certainly doesn’t exist if char(O/m)= p but char(O)= 0, for example
when O = Z,. We call this the mixed characteristic case. The issue here is that no
additive map « can exist. However, it is posible to define o to be multiplicative.

Consider the example of O = Z,. Then we are looking for a group homomorphism
a: Fy — Z5. In other words, for any integer j such that p { j, we need an element
a(j) of Z, that is congruent to j mod p and is a root of f(z) = a?~' — 1. The standard
method is Hensel’s lift, in other words, p-adic Newton’s method. We note that for any
a € Z such that p 1 a,

flla)=(p—1)a"?=—-a"" (mod p)

and

Hence, we have
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This is the Teichmiiller lift.

In general, we have O/m = IF, where ¢ is some power of p. For any j € Fx, we lift it
arbitrarily to some a; € O and then apply Hensel’s lift to find a root of 277! — 1 that is
congruent to a; mod m by taking

a(j) = lim a

We note first that «(j) is independent on the choice of the lift a;. Let 7 be a uniformizer,
so that m = (7). Then p € (7). Hence if a; = b; (mod ), we have

ai = b+ pla; — bj)bg-)_l =0 (mod 7).

Hence the sequences agn and b?n have the same limits. It then follows that « is multi-
plicative. If O = p, then « is also additive, in which case « is a ring homomorphism and
O = F,[1].
Remark 1: We don’t actually need O/m to be finite to define a. All that is needed is
that O/m is perfect, so that the Frobenius map x — 2? is an automorphism. Fix any
A € O/m. For every integer n > 1, there exists a unique A, € O/m such that \2" = \.
Let a, be any element in O lifting A\, and define
a(A) = lim af.
For any m > n, since @, = a, (mod 7), we have a?, = a?" (mod 7"*1). Hence the
limit exists. The independence on the lift a,, and the multiplicativity (and additivity in
the equal characteristic case) follow as before.
Remark 2: When the residue field £ = O/m has characteristic 0, it is also true that
O = k[[t]]. This is treated in more detail in Serre’s Local Field p.34. Here is a sketch.
The natural map Z — O sends nonzero integers to units since it is injective to k, so Q
is a subring of O. Let S be the maximal subfield of O containing Q, which exists by
Zorn’s Lemma. Then prove that the composition of the natural maps S — O — k is an
isomorphism.

We focus on the case char(O) = 0. In this case, Q — K and by completeness, K is an
extension of @, of finite dimension n by compactness. The ring O is a finite Z,-module
free of rank n since it is torsion-free. We fix a uniformizer m so that m = (7). The
ramification degree e is defined to be the positive integer such that (p) = (7)¢. The
residue degree f is defined to be degree of the residue field extension [O/m : F,]. Let
bi,...,bs be elements in O such that their images in O/m form an [F,-basis. Let

S={bm:1<i<f0<j<e—-1}CO.

Then S forms a basis for the F,-module O/(p). Hence by Nakayama’s lemma, S forms a
basis for the Z,-module O. Hence, we have n = ef.

What about the structure of K*?7 Using the uniformizer 7 and the multiplicative
a:FX — O* where F, = O/m, we have

KX 2 (m) x FX x (14m) £ Zx (¢ 1) x (1+70).

The group 1 + m admits a filtration by U, = 1 + 7"O. Consider the case of O = Z,.
Then we have

(1+pta)l = 1+ a4+ higher order terms + p"?a?
1
= 1 +pn+1a (l’IlOd pn+2) lf n > 71
p —
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Hence if p is odd, we have isomorphisms Z/p‘Z = U, /U, sending m to (1 + p)™; and
when p = 2, we have isomorphisms Z/2°Z = U, /Uy, sending m to (1 + 4)™. Taking
inverse limits gives isomorphisms

Ly =14 pZy, and Lo =1+ 4Z5.

Putting things together:

I

Z % (Cp—1) X Ly, forp>2,
Z x (—1) X Zs.

Q,
Q3

12

Remark 1: In HW 2 P6, using p-adic logarithms, one can show that 1 + 7”0 = O for
n>e/(p—1).
Remark 2: In fact, QF is a special case of

Qp(Gp)* = Z x (Gp-1) X ((p) ¥ Z§_1~

The minimal polynomial of ¢, — 1 over Q,, is

(x4+1)P—1

Q,(r+1) = "

=P+ paP? 4 (g):)sp_?’ + -+,

which is irreducible in Q,[z] since it is Eisenstein. Since ¢, —1 is a root of this polynomial,
we see that in Q,((,) (assuming that the p-adic absolute value of Q, extends),

’Cp - prl = |p’

Since [Q,(¢p) : Q] = p — 1. We see that (, — 1 is a uniformizer so that ¢, € Uy, the
ramification degree e = p — 1 so that Uy, = O = ngl and the residue degree f =1 so
that (O/m)* = ((,—1). This is an example of a totally ramified extension.

Exercise: Prove that an absolute value on Q,((,) exists where |(, — 1|P~* = |p|. Note
from the theory of normed vector spaces over a complete field, any two nontrivial absolute
values on Q,((,) are equivalent.

Exercise: Prove that Z, = Z[[z]]/(x — p). How much can you generalize this?

§1.4 Hensel’'s Lemma and Non-archimedean complete
valued field

Our next goal is to understand what finite extensions of Q, look like. We say a field K is
a non-archimedean complete valued field if it is equipped with a non-archimedean
absolute value |.| with respect to which K is complete. We then have the associated
valuation ring O, maximal ideal m and residue field k = O/m:

O = {aeK:lal <1},
m = {a€K:|a <1}

We do not assume that the absolute value is discrete so m may not be principal. We
do not assume that the residue field £ is finite so O may not be compact. For any
f(z) € O[z], let f(x) denote its image in k[x]. We say f(z) € O[z] is primitive if f # 0.
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4 )\
Theorem 1.4.1

(Hensel’s Lemma) Suppose f(z) € O[] is primitive and f(z) factors as a product
goho of coprime polynomials gy, ho in k[z]. Then there exist polynomials g, h € O[z]
such that f = gh, deg(g) = deg(go) and g = go, h = hg. Moreover, (g, h) = O|x] and

the factorization is unique up to scaling by elements in 1 4+ m.
. J

Proof. We note first that since deg(g) = deg(go), the leading coefficient of g(z) is a unit
and so O[z]/(g,h) is a finite O-module and so is trivial by Nakayama’s Lemma. We
construct g, h by induction. We lift go, hy arbitrarily to O[z|. There exist polynomials
a,b € O[z] such that agy + bhg — 1 € m|[x]. Let 7 be the coefficient of minimal valuation
among those of f—goho and ago+bho—1. Then f—goho € 7O[z] and ago+bho—1 € 7O|z].
Suppose we have constructed monic polynomials g,, h,, € O[z] with g, — g,_1 € 7" Olz],
hy, — hyp—1 € 7 O|x] and such that f — g,h, € 7" O|x]. We seek polynomials u, v € O[z]
with degu < deg gy, degv < deg hy such that

f _ (gn + 7Tn+1u>(hn + 7Tn+11)> c 7Tn+20[.1}].
This amounts to g,v + h,u — (f — gnhyn) /7" € 7O[x]. This can be achieved with

v = a(f - gnhn)/ﬂnJrla U = b(f - gnh/n>/7rn+l

without the requirement on their degrees. If degu > deggy, we apply the division
algorithm to write u = ¢,,¢ + r with degr < deggg. Then

and we replace u,v by r,v 4+ h,q. Taking g = lim g,, and A = lim h,, does the job.

To prove uniqueness, suppose (¢, h') is another coprime factorization. Then (g, h’') =
O[z] since (g, h') = k[z]. So gr + h's = 1 for some 7,5 € O[z]. Multiply by ¢’ to get
g | ¢'. Similarly, we have ¢’ | g and so they differ by a scalar that reduces to 1 in k. [

The condition that gy and hgy are coprime is important. The polynomial 2% + 22 + 1
factors as (z* + z + 1)? in Fy[z], but it is a simple bash to show that it doesn’t factor as
a product of two quartics in (Z/47Z)[x] so it is irreducible in Q,[z]. (Exercise:) Prove
that 2® + 2% + 1 factors in Q,[z] for every prime p. Indeed, its discriminant 2% - 2292
is a square but the discriminant of an irreducible polynomial in F,[z] of degree d is a
quadratic residue mod p if and only if d is odd. This implies that it factors in I, [z]. For
p # 229, since it has no repeated factors in F,[z], the factorization in F,[x] lifts to Z,[z].
When p = 229, Wolfram alpha gives

28+ 2%+ 1= (z + 103)*(x + 126)* (2 + 110z + 171) (2 + 1192 + 171) € Fogg[z].

Hensel’s lemma lifts this to a product of 4 polynomials of degree 2 in Zagg[x]. Note also
that if ¢ is a root of 2% + 22 4 1, then so is —c. Hence for any p, the polynomial 2% + 22 + 1
has no irreducible factors of degree 5 or 7. The Galois group of the splitting field of
2%+ 22 +1 over Q is F3 x Sy, where the action of Sy on [} is via its 3-dimensional regular
representation. When viewed as permutations on the 8 roots, we see that there are no
5-cycles or 7-cycles. The underlying principle here is the Chebotarev density theorem.

For another example, the polynomial 2P~'—1 € Z,[z] factors as (z—1) - - - (z—(p—1)) €
F,[x]. Hence it must also split completely over Z,|x].
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Corollary 1.4.2

Suppose f(x) € Ofz] with f # 0 and suppose ag € k is a simple root of f(z). Then
ap lifts to a root a of f(x).

Proof. Simple root means that f(z) = (z — ag)h(z) where x — ay and h are coprime. [

4 )
Corollary 1.4.3
Suppose f(z) = apx™ + a,_ 12" + -+ + ag € K|[z] is irreducible and a,ay # 0. Let
r=0,...,n be such that |a,| is maximal. Then r = 0 or » = n. In other words, if
f(z) € O|x] is primitive and irreducible in K [z], then ag or a,, is a unit. In particular,
if f(x) € K[z] is irreducible with a,, = 1 and ag € O, then f(z) € O[z].

\-

J

Proof. Suppose f(z) € O[x] is primitive with ag € m and a,, € m. Then f = 2"hg(x) for
some ho(z) € k[z] with ho(0) # 0. The condition ag € m implies r > 1. The condition
a, € m implies 7 < n. Hence the factor 2" lifts to a nontrivial factor of f.. m

Proposition 1.4.4

Suppose f(z) € O[x] and suppose ag € O satisfies | f(ag)| < |f'(ag)|*>. Then there is
a unique root @ € O of £(z) with |a — ao| < | f(ao)|/|f(a0)] < |f'(ao)].

Proof. Define
flan)

n

It is easy to check that

|ﬂ%ﬂﬂgﬂﬁﬁy2<umnu 1 (@nsn)] = |f'(a)]

o o= ] 1fe)
[f(an)] [ f"(a0)]
Hence the sequence (a,,) converges to a desired root a. Note that the inequality |a —ag| <

|f"(ao)| implies that |f(a)| = |f*(ao)].
Suppose now b € O is another root with |b — ag| < |f'(ap)| and |b — a| # 0. Then

0= f(b) ~ f(@) = (b—a)f'(a) (mod (b—a)’)

but since [b — a| < |f'(ap)|, we have

(b —a)?] < [b—al[f'(ar)| = |(b—a)f'(a)|.
Contradiction. O

and
— 0.

Corollary 1.4.5

Suppose m is a positive integer not divisible by char(Q). Then every unit sufficiently
close to 1 has an m-th root in O.

Proof. Take ag = 1 and f(x) = 2™ — u. Then we just need |u — 1| < |m/?. O
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Corollary 1.4.6

For any positive integer n, the equation 2™ + 1 = 2" has nonzero solutions in Z,. In
other words, Fermat’s Last Theorem can’t be proved by purely local methods.

For which m does y/m exist in Zy? Clearly any m with ps(m) odd is not a square
and if us(m) is even, we may divide m by powers of 4. So it suffices to consider
m € Z5 = 1+ 27Z,. Since odd squares are all 1 mod 8. We see that m € 1+ 8Z5 in order
to be a square. Now if m € 1 + 8Z,, then consider f(z) = 2* — m with ag = 1. We have
f(ag) € 8Zy and f'(ag) = 2 and so |f(ag)| < |f'(ap)|*. Hence m has a square root in
1 + 4Z,. Alternatively, one can show that 2n? +n = k is always solvable in Z, by lifting
the root k in Fy. In other words,

75752 = (14 2Zy) /(1 + 8Zy) = 7./27 x 7./ 2.

Consider now f(z) = (22 — 2)(z% — 17)(2* — 34). We know 17 is a square in Zy and 2 is a
square in [Fy7 and so also in Zq7. For any other prime p, at least one of 2,17, 34 is a square
in F, and so a square in Z,. In other words, f(x) = 0 is solvable in Z, for all primes p
(called locally soluble), but not solvable in Z. Other examples include (23 4z +1)(z* + 31)
and (22 —19)(2? + z + 1). We will see later that such polynomials can’t be irreducible in
Z|z]. Tt is not hard to check it can’t be a product of two irreducible degree 2 polynomials.
Exercise: Prove that the Dedekind polynomial f(z) = 2% — 2% — 22 — 8 splits completely
in Qqz].
Exercise: (Weierstrass preparation) Let f(z) € O[[z]] be primitive and let d > 0 be
the smallest integer such that the coefficient of ¢ in f(x) is a unit. Then there exist a
unique polynomial g(x) of degree d such that g = x¢ and a unit h(x) € O[[x]]* such that
f = gh. As a consequence, a primitive power series has finitely many roots in m.

Even though the statement looks just like Hensel’s lemma. The proof (that I know) is
quite different!
Exercise: Consider the field

K =] C(#')

n>1

of Puiseux series over C. Define a non-archimedean absolute value on K by [t}/?| = 69~1/"
and |A| = 1 for every A € C*. Prove that K is algebraically closed.
For non-archimedean absolute values, we often also consider the asociated additive

valuations, defined by yu(a) = —log,(|a|) for some fixed p > 1. The additive valuation
1 satisfies
L. p(0) = oo;

2. wlwy) = p(x) + p(y);
3. w(x +y) = min{u(z), u(y)}, with equality when p(z) # p(y);
4. O={ae K: p(a) >0} and m={a € K: p(a) > 0}.

Consider now a polynomial f(z) = ap + a1z + - - - + a,2" € Klz] with a root a € K.
Then
0=fla)=ay+aa+- - +aa' +---+ad +---+a,a".
We note that the minimal p(a,,a") must be achieved at least twice, say at ¢ and j. That
is,
p(ai) +ipa) = plag) + jp(a) < plam) +mp().
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Hence every point (m, y(a,,)) lies above or on the line joining (4, s(a;)) and (j, u(a;)),
which has slope —p(a). We define the Newton polygon of f as the lower convex hull
of the points (m, p(a,,)) for m =0,1,...,n and (0,00), (n,00) on the plane. Its lower
edges consist of multiple segments of increasing slope.

Theorem 1.4.7

Suppose K is a non-archimedean (complete) valuation field. Suppose f(z) =
an(z —aq) -+ (x — ay,) splits completely in K. If exactly m of the a;’s have additive
valuation s, then the Newton polygon of f has a segment of length m and slope —s.

Proof. Since the leading coefficient only has the effect of shifting the Newton polygon up
or down, we may assume a,, = 1. Suppose first that all n roots of f(x) have additive
valuation s. Then for i =1,...,n—1, a,_; is the sum of the i-fold products of the «; and
so is a sum of elements with additive valuation is. Hence p(a,—;) > is. Since pu(a,) =0
and p(ag) = ns, we see that the Newton polygon of f consists of one segment of length
n and slope —s.

We now proceed by induction on the number of different valuations of the roots. The
base case is proved above. In general, suppose aq,...,q,, have the highest additive
valuations s. Let

g(x):(96—041)'--(96—0%):xm+bm_1xm—1+...+b0

with p(b,,_;) > is and u(by) = ms. Let h(z) = f(z)/g(x) = 2™ + cpopmr 2" ™1 +
-+ 4 ¢g. Since the slopes for the Newton polygon of h are all bigger than —s, we see that
p(cjrr) > p(e;) — ks for any j and any k # 0. This implies that p(cjsxbm—r) > p(c))
and so

a/]'+m = Cj -+ Cj+1bm71 + -
has valuation p(c;). In other words, the points (i, p(a;)) for i = m, ..., n are obtained
from the points (i, u(¢;)) for ¢ = 0,...,n — m by shifting m units to the right. For any
1=20,...,m, we have

a; = Cobi + Clb¢71 + -+ Cibg
with

pi(cjbi-g) = plco) — js+ (m — (i — j))s = plco) + (m —i)s

and fu(cobo) = p(co) + ms. Hence we have an extra segment of length m and slope —s

from (0, u(ap)) to (m, u(am)). O

Of course polynomials rarely split completely. Theorem ?7? is the most useful after we
extend valuations to field extensions.

4 N\
Theorem 1.4.8

Let K be a non-archimedean complete valuation ring with absolute value |.|x and
let L be a finite extension of K of degree n. Then the absolute value |.|x extends
uniquely to an absolute value |.|;, on L, and L is complete with respect to |.|z.
Moreover, for any 3 € L,

18l = [No/x (B[
N Y,

Here, N i (B) is the determinant of the multiplication by # map on L.
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Proof. Uniqueness of the extension and completeness of L follow from general topology,
via the theory of finite dimensional normed vector spaces over a complete metric space.
It only remains to prove that the ultrametric inequality for [Ny k(5) }(/n. That is, given
nonzero 3, B2 € L, we have

INpyr(Br+ B2) |k < max{|Np/k(81)|x, |Nisr(B2)lx}-

Without loss of generality, suppose that |Np,x(618;")|x < 1. Hence we see that it
suffices to prove that

INk(B)lk <1 = |Npyx(B+1)|x <1

Let Ok denote the valuation ring of K and let O denote its integral closure in L. In
other words, Oy, consists of § € L whose minimal polynomial over K lies in Og|[z].
Recall that

char poly of - 8 on L = (char poly of - 3 on K(8))EE@E] = (min poly of g)FEE)]

We see that if 3 € Op, then its minimal polynomial is in Og[x] and so N,k (3) € Ok.
Conversely, if Nk (5) € Ok, then the minimal polynomial of 5 over K is an irreducible
polynomial of the form x4 + - - + ay with ag € Ok, and so lies in A[z] by Corollary ?7?.
Hence

OL = {5 e L: NL/K(B) S OK}

We are now done because Oy is a ring. O]

Corollary 1.4.9

Let K be a complete field with a non-archimedean absolute value |.|x. Let € denote
an algebraic closure of K. Then |.|x extends uniquely to an absolute value |.|q on €.

Note the absolute value |.|q is still non-archimedean, but it is not discrete and €2 is
not necessarily complete unless |.|x is trivial. Consider K = Q,, with |.|, and we also
denote by |.|, for its extension to Qp. Then for any positive integer n, we have p'/™ € @p
and |p'/"|, = p~'/™ which can be arbitrarily close to 1 as n goes to infinity. Since @p has
countable dimension over Q,, we know from the Baire Category Theorem (any complete
metric space is not a countable union of nowhere dense subsets) that @p is not complete.
The completion of @p is C,. Krasner’s Lemma can also be used to prove that C, is
algebraically closed. In fact, C, is (non-canonically) isomorphic to C assuming the axiom
of choice.

4 N\
Theorem 1.4.10

Suppose K is a non-archimedean complete valued field. Let f(z) = ap(z—aq)--- (2 —
an) € K[r] with oy, ..., o, € K. If exactly m of the a;’s have additive valuation s
(under the extension of the valuation on K to K), then the Newton polygon of f

has a segment of length m and slope —s.
. J

Proof. Let L be a finite extension of K over which f splits. The extension of |.|x to L
also extends p to L. Apply Theorem 7?7 to L. m
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Corollary 1.4.11

Suppose K is a non-archimedean complete valued field and suppose f(z) = a,z™ +
-+ ag € K[z] is irreducible with a,ag # 0. Then all the roots of f(z) have the
same valuation.

Proof. For any root 3 of f(z) in K, we have |8|z = |8|x(s) = \ao/anﬁ(/". O

4 )
Corollary 1.4.12

Let K be a complete field and an additive valuation p. Let f(z) € K|x] and suppose

that the Newton polygon of f has a segment of length m and slope —s. Then there

exists ay, ..., 0, € K with valuation s such that (z — ;) -+ (¥ — ay,) € K] and

divides f(x).

- J

Proof. When f(z) is factored into a product of irreducible polynomials over K, the roots
of each irreducible factor have the same valuations. O]



2 Ramification

Suppose now K is a complete discrete valued field with valuation ring A, maximal
ideal p = (), and residue field k. We normalize p on K so that u(m) = 1. Let L be
an algebraic extension of K. Then the absolute value |.| on K extends uniquely to an
absolute value |.| on L, with valuation ring B, maximal ideal q, and residue field /. From
the proof of Theorem 7?7, we know that B is the integral closure of A in L. The ring A
is a discrete valuation ring. We say L/K is unramified if {/k is separable and q = pB.
In other words, the ramification degree e = 1. We say L/K is totally ramified if ¢ = k.
In other words, the residue degree f = 1. Note that if L/K is finite of degree n, then
B is also a discrete valuation ring and recall that the ramification degree e and residue
degree f are defined more generally as

q° =pB, and f=10:kl, with n=ef.

§2.1 Interlude on Dedekind domains and Discrete
Valuation Rings

A discrete valuation ring (DVR) is a PID with a unique nonzero prime ideal. The
localization Z,) of Z at a prime ideal (p), so that integers not divisible by p are invertible,
is a DVR. If A is a DVR with maximal ideal m = (7) and field of fraction K, then every
element a € K* can be written uniquely as 7"u for some n € Z and u € A* and we
define an additive valuation p : K* — Z by p(a) = n.

Proposition 2.1.1

Suppose A is a local Noetherian integral domain whose maximal ideal is principal.
Then A is a DVR.

Proof. Suppose m = (7) for some m € A. Suppose there exists y € Nm" with y # 0.
Then there is an infinite ascending chain

() S (yr ™) S (yr ) C -

contradicting Noetherian-ness. Hence every element in A can be written in the form
m"u for some non-negative integer n and unit v and if an ideal contains 7"u, it also
contains 7". For any nonzero ideal I, let n be the smallest integer such that 7™ € I, then
I = (7). O

Proposition 2.1.2

A Noetherian integral domain is a DVR if and only if it is integrally closed and has
a unique nonzero prime ideal.

Proof. Suppose A is a DVR with field of fraction K. We need to prove it is integrally
closed. Let x € K be integral over A. Then 2" + a,_12" ' + --- + ag = 0 for some
ag, .-, an_1 € A. If u(x) = —m <0, then pu(a, 12" 1 + -+ +ag) > —(n— 1)m > p(a™).

21
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To prove the converse, suppose A is integrally closed and has a unique nonzero prime
ideal m. It suffices to show that m is principal. Fix some arbitrary nonzero ¢ € m. For
each b ¢ (c), let

IL={a€A:abe (c)}.

Then each I, is a nonzero proper ideal of A. Since A is Noetherian, let b ¢ (¢) be
such that I, is maximal among all such ideals. Suppose x,y € A with xy € I,. Then
(x,1) C Ip. Hencey ¢ I, = yb ¢ (c) = x € I,. Therefore, I, = m is the unique nonzero
prime ideal of A.

Since I(b) C (c), we have I(b/c) C A. If I,(b/c) C I, then b/c is integral as it
preserves a finitely generated A-module, which implies that b/c € A since A is integrally
closed. This contradicts the assumption that b ¢ (¢). Hence I,(b/c) = A and so I, = (¢/b)
is principal. O

§2.2 Extensions of non-archimedean absolute values

Recall that we have shown that every local field is isomorphic to R or C or F,((t)) or a
finite extension of Q,. What do finite extensions of Q, look like?

4 N\
Theorem 2.2.1

Let A be a complete DVR with field of fraction K and absolute value |.|x. Let L be
a finite extension of K of degree n. Then the integral closure B of A in L is finitely
generated as an A-module. The absolute value |.|x extends uniquely to a discrete
absolute value |.|; on L, and L is complete with respect to |.|r. Moreover, for any
a € L,
ol = N2k (@] 4"
- J

Proof. We note that the completeness of L follows from standard argument after the
extension is proven. Namely, fix a K-basis {ej,...,e,}. Given any Cauchy sequence in
L, when each term is expressed in the above K-basis, each coefficient forms a Cauchy
sequence in K.

Let p denote the unique nonzero prime ideal of A. We suppose first that L/K is
separable. Then B is a Dedekind domain since A is. All nonzero prime ideals of B lie
above p and they each define in-equivalent absolute values on L. There are multiple ways
to prove that B has only one nonzero prime ideal, which implies that B is a DVR and
that |.|x extends uniquely to L.

(Proof 1): Since K is complete, any norm on a finite dimensional K-vector space
is equivalent (i.e. define the same topology) to the sup norm (defining the product
topology). (Cassels-Frohlich page 52)

(Proof 2): Suppose q; and qs are two prime ideals of B over p. Take € q1\q2. Then
q1 N A[5] and g N A[f] are two distinct prime ideals containing p. They then give
two distinct prime ideals in A[f]/p = k[z]/(f(z)) where f(z) € A[z] is the minimal
polynomial of 3. By Hensel’s Lemma, since f(z) is irreducible, we see that f(z) = g(z)™
for some irreducible polynomial g € k[z]. However, k[z]/(g(x)™) only has one prime
ideal, contradiction.

To prove the explicit formula for |.|z, let L' denote the Galois closure of L/K. The
absolute value |.|x also extends uniquely to |.|;,. For any o € Gal(L'/K),  — |o(z)|ps
is a discrete absolute value on L’ extending |.|r. Hence |o(x)|r = |z|r,. In other words,
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for any a € L, the conjugates of « all have the same valuation. Let aq, ..., a4 be all the
conjugates of a. Then

INLywe (@) = (e - o)™ = |(a1 - ag) | = |},

Suppose now L/K is inseparable. Then there exists an intermediate field £ such that
L/FE is purely inseparable and E/K is separable. Applying the above to the extension
E/K, we may assume L/K is purely inseparable. Then exists a prime power g = p™
where p is the characteristic of K such that a? € K for all & € L. The extention of |.|x

/4 The ultrametric inequality for |.|; and the

to |.|1, is then forced to be |a|;, = |o9|
norm formula can be checked easily.
Finally, we prove that B is finite over A. This argument doesn’t use any separable
assumption. We claim first that B/pB is finite over A/p. Indeed, suppose {b; };e; C B/pB
is linearly independent over A/p. Lift each b; arbitrarily to 8; € B. Then {f;}icr is
linearly independent over A (take any linearly combination that gives 0, divide by a
power of a uniformizer 7 of A until some coefficients are units, reduce mod p). Then I is
finite since L/K is finite. Now let f,..., 3, for some m < n be in B such that their
images in B/pB form a basis over A/p. We claim that they generate B as an A-module.

Take any b € B. Then there exists a;; € A such that
b = Zamﬂi +7Tza1i5i +722a2zﬂi +oee
i=1 i=1 i=1

= hTIZl’lZ ( ajﬂ'('j) ﬁz
7=0

i=1

belongs to Ay + - -+ + AB,, since A is complete. O

Suppose now K is a complete discrete valued field with valuation ring A, maximal
ideal p, and residue field k. Let L be an algebraic extension of K. Then the absolute
value |.| on K extends uniquely to an absolute value |.| on L, with valuation ring B,
maximal ideal q, and residue field ¢. We say L/K is unramified if ¢/k is separable and
q = pB. In other words, the ramification degree e = 1. We say L/K is totally ramified
if £ = k. In other words, the residue degree f = 1.

§2.3 Totally ramified extensions

Theorem 2.3.1

Totally ramified extensions of a complete discrete valued field K of finite degrees are
all of the form Klz|/(f(z)) for some Eisenstein polynomial f(x). Moreover, for any
uniformizer 3 of B, we have B = A[3] = Alz]/(f(x)).

Proof. Suppose L/K is totally ramified of degree n. Let 5 be a generator of the maximal
ideal of L. Then u(8) = 1/n. The minimal polynomial f(z) of § is then of degree n
and its Newton polygon has a segment of length n and slope —1/n. This implies that
f(z) is Eisenstein: f(z) = 2™ + ap_12" ' + -+ + ap with pu(a;) > 1 and p(ag) = 1; and
L=K(p) = Kl[z]/(f(x)). Conversely, if f(z) is Eisenstein, then f(z) is irreducible (by
the usual proof of Eisenstein’s criterion or by Newton polygon) and any root § of f(x)
satisfies u(f8) = 1/n. Hence K ([3) is totally ramified of degree n.



24 Sachin Kumar

Consider now the ring A[f] = Alx]/(f(z)). It suffices to prove that it has a unique
maximal ideal and that it is principal, which would imply that A[5] is a DVR and so
integrally closed. Since A[f] is finite over A, by Nakayama’s lemma, any maximal ideal
m of A[B] must contain pA[f] (as m + pA[3] = A[S] would imply m = A[f]). Now
A[B]/pA[B] = k[z|/(x«™) has the unique maximal ideal (z). Hence m = (p,8) = (B) is
principal. [

For any f =3 a,2™ and g = X b, 2™ € K|z] of degree n, we say that f and g are
close if |a,, — by, | is small for every m = 0, ..., n. Our next main result is that Kz]/(f(x))
and K[z]/(g(x)) are isomorphic over K if f and g are close enough.

Proposition 2.3.2

(Krasner’s Lemma) Suppose K is a non-archimedean complete valued field. Suppose
[ is algebraic over K and « is separable over K (3). Suppose « is closer to § than
to any conjugate of a. Then a € K[f].

Proof. Any conjugate of a over K(f3) is of the form o(«) for some a : K(o, ) = K
fixing K(f). Then

lo(@) = B = lo(a = B) = o = f
and so
|o(@) — al=[(o(a) = B) = (o = B)| < | = f]
which is only possible if o(a) = . O

Corollary 2.3.3

Suppose K is a non-archimedean complete valued field. Let f(x) be a separable
irreducible polynomial in K |[x] of degree n. Then for any polynomial g(z) € K|xz] of
degree n that is close enough to f(x), g is irreducible and K[z|/(g(x)) = Klz|/(f(z)).

Proof. We may assume f(x) is monic and factors as (r — ay) -+ (z — a,,) over some
separable extension of K. Let § be a root of g(x). Then for g close enough to f,
l£(B)] = |(f —g)(B)| is small enough. Hence, one of the |§ — a;| can be made smaller than
all |o; — o|. Krasner’s Lemma then implies that K («;) C K(8). Comparing degrees we
find that ¢ is irreducible and K(«;) = K(f). O

We can use this result to prove that C, is algebraically closed. Fix any irreducible
polynomial f(z) = 2" + a, 12" ' + - -+ + ap with a; € C,. Since Q, is dense in C,,, there
exist b; € @p close enough to a; such that g(z) = 2™ + b, 12" ' + -+ + by is irreducible
in C,[z]. Since g € Q,[z] already splits in Q,, we have n = 1.

Corollary 2.3.4

Suppose K is a complete discrete valued field of characteristic 0 and finite residue
field (i.e. finite extension of Q,). Then for any positive integer n, there are only
finitely many totally ramified extensions of K of degree n up to isomorphism.

Proof. View each Eisenstein polynomial as an element in the compact set p x - - - p x (p\p?).
Two elements that are sufficiently close give isomorphic field extensions. Done by
compactness. ]
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In characteristic p, there could be infinitely many totally ramified extensions of degree
p. Consider K = F,((¢)) with px(¢) = 1 and Artin-Schreier extensions of the form
K, = Kl[z]/(xP — x — t™) for any positive integer n not divisible by p. Then K, /K
is Galois with Galois group Z/pZ. The conjugate of any root «a of P — x — t~™ are
a,a+1,...;a+ (p—1) which all have the same valuation and multiply to t~". Hence
u(a) = —n/p. Since p t n, we see that K, /K is totally ramified. Now given any positive
n,m with p { nm, it follows from general facts about Artin-Schreier extensions (or
bash-able) that if there do not exist a,a’ € F)* and b € K such that at™" —a't™™ = 0P — b,
then the extensions K, /K and K,,/K are not isomorphic. Indeed, any such b must
have negative valuation, but then p(b?) < pu(b) so u(b? —b) = u(b?) = pu(b) but
pulat™™ — a't™™) = min{—n, —m} is not divisible by p.

§2.4 Totally tamely ramified extensions

A finite extension L/K of discrete valued fields with separable residue field extension is:
tamely ramified if char(k) 1 e; wildly ramified if char(k) | e. We have a very nice
description for the totally tamely ramified extensions.

Theorem 2.4.1

Totally and tamely ramified extensions of a complete discrete valued field K of
degree e with char(k) 1 e are all of the form K{z]/(z® — 7) for some uniformizer 7 of
K.

Proof. Tt is clear that any extension of the form K (/) is totally and tamely ramified
since /7 is a root of ¢ — 7 which is Eisenstein. Suppose now L/K is totally and tamely
ramified of degree e. By (the proof of) Theorem ??, we know that L = K () for some
uniformizer 3 for L. The minimal polynomial of /3 is of the form z¢+a._12¢ 1+ - -+a1x+ag
where p(a;) > 1 and ag is a uniformizer. Then

B=—ap— a1l — - — a1 "

Let m = —ag. We see that

|6 = m| < |m| = [B]%
Consider f(z) = 2¢ — 7. We will use Krasner’s Lemma to prove that f(z) has a root
in K(8) = L, which would imply that L = K[z]/(z® — 7) since L is generated by any
uniformizer. Let a,...,a. denote the roots of f(z). Then they all have the same
valuation as 8 and

B> B = x| = |8 — ol -6 — acl.

By renaming, suppose |5 — a1| < |5| = |ai1|. Now since |e| = 1, we have
[f(a)l = laa|" = Jag —ai] -+ |ae — ai.
Hence all |a; — a1| = |a;| > |8 — ay]. Hence oy € K(B) by Krasner’s Lemma. O

Corollary 2.4.2

Suppose L/K is a totally ramified extension of a complete discrete valued field of
degree e. Let p = char(k) and let ¢/ = e/ ged(e, p™°). Then there exists a tamely
ramified extension 7'/ K contained in L of degree ¢’
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Proof. This follows from the above proof. Let d = ged(e, p). After getting |5¢—n| < |B]°,
we let 8/ = 3% and consider f(z) = ¢ — m. Let L' = K(B') and the same proof above
implies that L' contains a subfield T' isomorphic to K[z]/(z¢ — 7), which is tamely
ramified of degree ¢’. O

Example: Consider L = Q,(¢,m) and K = Q,. The minimal polynomial of (,m is

m

P - 1 m— m— m— m—
Dy () = h — =D =2 L T ] = (z—1)PDp ' mod D.

Then ®pm(z + 1) = 2@ V""" (mod p) and ®,m(1) = p. Hence ®pm(z + 1) is an

Eisenstein polynomial and so L = Q,((,m — 1) is totally ramified of degree (p — 1)p™!
with uniformizer 8 = (,m — 1. We have

(G — H®DP" — (—p)| < [p].

When m = 1, the extension is tamely ramified and we have Q,((,) = Q,((—p)Y/®~Y).
Note since Q, contains all the (p — 1)-th roots of unities, Q,((—p)* V) is Galois over
Qp. In general, for m > 1, Q,((,) is the tame part of Q,(¢,m). We note that it is very
important that p is a uniformizer in K for this example.

Exercise: Find a finite extension K of Q3 such that K((3)/K is not totally ramified.

Corollary 2.4.3

Suppose char(k) 1 e. For any a € K with ged(e, u(a)) = 1, the polynomial 2¢ —a €
K|[z] is irreducible and the extension K[z|/(z¢ — a) is totally and tamely ramified of
degree e.

Proof. From the Newton polygon, we see that the roots of ¢ — a in K all have valuation
w(a)/e. No product of any nonempty proper subset of them can have integer valuation.
Hence z¢ — a is irreducible. Let L = K{z]|/(z® — a). Then p(a)/e is some integer divided
by the ramification degree of L. Again from ged(p(a),e) = 1, we see that L/K is totally
ramified of degree e, and tame because char(k) 1 e. O

Corollary 2.4.4

Suppose K is a complete discrete valued field containing all e-th roots of unities
where char(k) { e. For any positive integer ¢, the field K () where a® = 7 is tamely
ramified over K of degree e/ ged(e, t), where 7 is some uniformizer of K.

Proof. Let d = ged(e,t). Then a4 = (7t/¢ for some ¢ with (¢ = 1. Since K contains all
e-th roots of unities, there exists some ¢, € K such that (¢/? = ¢. Then K(a) = K(a/(,)
where (a/(, )¢/ = 7'/, Since now ged(e/d,t/d) = 1, we are done by Corollary ??. [

Remark: Let p = char(k). Then the subgroup U; = 1 + 7O has no prime-to-p torsion.
Suppose p 1 e. Then the condition (. € K is equivalent to (. € k, which in the case k is
finite is equivalent to e | |k| — 1. Indeed, if d | e such that (! =1 (mod 7), then (¢ € U,
is e/d-torsion, which is impossible. Hence, if (, € K, then its reduction mod 7 in k also
has order e. Conversely, if (. € k, then we apply Hensel’s lemma to x¢ — 1 to lift it to K.
Note also that in order for L = K|z]/(z¢ — 7) to be Galois, we must have (. € L, which
is equivalent to (. € k since L/K is totally ramified and so has the same residue field.
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Exercise: Suppose L/Q, is a Galois totally and tamely ramified extension of degree e.
Prove that e | p— 1 and Gal(L/Q,) = C. is cyclic.

Exercise: Let K be a local field and let n be a positive not divisible by char(k). How
“many” totally ramified extensions of K are there of degree n?

§2.5 Unramified extensions

In Theorem ??, we saw that in the totally ramified case, where f(x) reduces to ",
the ring A[z]/(f(z)) is maximal in K[z|/(f(x)). This is also true in the other extreme
where f(x) reduces to an irreducible polynomial. In other words, when the extension is
unramified.

Theorem 2.5.1

Unramified extensions of a complete discrete valued field K of finite degrees are all
of the form K{z|/(f(z)) for some monic f(z) € Alz] with f(x) € k[z] irreducible
and separable. Moreover, the integral closure of A is B = Ay = Afz]/(f(x)).

Proof. Suppose first that L/K is an unramified extension of degree n. Its residue field
extension ¢/k is separable of degree n. By the primitive element theorem, there exists
a € B such that ¢ = k(a) where a denotes the image of « in ¢. Let f(z) € Alz]
denote the minimal polynomial of a. Then f(a) = 0. Hence f(z) has degree n and
L = K[s)/(f(x)). )

Conversely, suppose f(z) € Alz| is monic with f(z) € k[z] irreducible and separable.
Then f(x) is irreducible. Let L = K[x]/(f(x)) with residue field ¢. Let 7 be a uniformizer
of A. Then similar to the totally ramified case, every maximal ideal of Ay contains ()
but As/(7) = Alz]/(x, f(z)) = k[z]/(f(x)) which is a field. Hence the unique maximal
ideal of Ay is (7) and A is a DVR. So B = Ay with maximal ideal pA;. Hence L/K is
unramified. ]

Corollary 2.5.2

Suppose K is a complete discrete valued field. Then a finite unramified extension
L/K is Galois if and only if the residue extension is Galois.

Proof. With the above notation, L/K is Galois if and only if L contains all the conjugates
of «, which happens if and only if f(x) splits in B if and only if f(z) splits in ¢ by
Hensel’s lemma, if and only if ¢/k is Galois. O

Suppose now L/ K is finite unramified and suppose L'/ K is any algebraic extension of K.
Denote the corresponding rings and maximal ideals and residue fields by B, q,¢, B, ¢, (.
Let 0 € Homg (L, L") be a field homomorphism L — L' fixing K. Since |o(a)| = |a] for
any a € L (by the uniqueness of extensions of absolute values), we see that o(B) C B’
and o(q) C q’. Then o descends to a map on the quotient o : £ — ¢ fixing k.

Proposition 2.5.3

Suppose L/ K is finite unramified where K is a complete discrete valued field. Suppose
L'/ K is any algebraic extension of K. The maps Homg (L, L') — Homy(B, B') —
Homy (¢, ¢") defined above are bijections.
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Proof. The first map is clearly a bijection. The bijectivity of the second map follows
from Theorem ?? and Hensel’s lemma. Indeed, let f(x) € A[z] monic with f(z) € k[z]
irreducible and separable such that B = Alz]/(f(z)) and ¢ = k[z]/(f(z)). Then
Hom (B, B’) is in bijection with the set of roots of f(x) in B’. By replacing L’ by its
intersection with the splitting field of f(z), we may assume it is finite of K. Similarly
Homy,(¢,¢') is in bijection with the set of roots of f(z) in ¢ with the map given by
reduction. Since f is separable and B’ is a complete DVR, every root of f in ¢ lifts
uniquely to a root of f in B’. ]

Theorem 2.5.4

There is an equivalence of categories between unramified extensions of K and
separable extensions of k. Moreover, given any algebraic extension L/K with
separable residue field extension ¢/k, there is a unique intermediate unramified field
extension F/K that contains all unramified extensions of K in L. The extension
L/E is totally ramified.

Proof. Proposition ?? implies the desired equivalence for finite extensions. The infinite
case follows by viewing any infinite algebraic extension as a direct limit of finite extensions.
More precisely, suppose ¢/k is infinite separable. Then we express

(= hgl 0.
' /k finite

For each finite ¢’ /k, we have the associated finite unramified extension L'/K. For any
¢} — ¢} in the direct system, we have the corresponding L} — L. We can now take L
as the direct limit of the L'

For the second statement, let E be the unramified extension of K with residue field /.
Identify E as a subfield of L via the identity map ¢ — £. For any unramified extension K’
of K in L, the inclusion map k' < ¢ induces an injection K’ — E that when composed
with the inclusion F < L is the inclusion K’ < L. Hence K’ C E. Finally, L/E is
totally ramified since their residue fields are equal. O]

The maximal unramified extension of K is denoted K"™. Its residue field is the
separable closure of k with Galois group

Gal(K™/K) 2 Gal(k*? /k).

When the residue field k£ = I, is finite (in other words when K is a local field), we can
be a lot more precise about their unramified extensions. Since finite extensions of F, are
all Galois, all finite unramified extensions of K are Galois.
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4 )\
Theorem 2.5.5

Let K be a complete discrete valued field with residue field £ = IF, and characteristic
.

1. For any positive integer n, K has a unique unramified extension L of degree
n, given by K((m—_1). It is Galois with Galois group Z/nZ, generated by the
automorphism o defined by o(x) = 27 (mod q) for every z € B. The map o
is called the Frobenius element of L/K, denoted Froby, k.

2. Let m be a positive integer such that p { m. Then for any unit u € A*, the
extension K ( {/u)/K is unramified. When u = 1, the extension K ((,,)/K has

degree d where d is the smallest positive integer such that ¢ =1 (mod m).
. 4

Proof. Let L/K be unramified of degree n. Suppose @ € Fyn generates F.. Let f be
the minimal polynomial of & over F,. Then deg f =n and f | 29"~! — 1. Since 27"~ — 1
is separable, Hensel’s lemma implies that f lifts to some irreducible f(z) € A[z] that
divides x9" 71 — 1 and @ lifts to some root a € B of f(x). Then a is a (¢" — 1)-th root
of unity, primitive because & is. Comparing degrees gives L = K (o) = K({n_1). It is
clearly Galois because all the conjugates of (,n_; are powers of it.

Suppose ptm. Let f(x) € Alz] denote the minimal polynomial of t/u over K. Since
f(z) is irreducible in K[z], we see that f(z) = g(z)¢ for some irreducible g € k[z] and
e>1. From f(z) | 2™ — u in Afz], we get f(z) | 2™ — @ in k[z], which has no repeated
factors over F, when p { m. Hence e = 1 and f(x) is irreducible. Hence K ( {/u)/K is
unramified.

When v = 1, we have the better division f(x) | ®,,(z) where ®,,(z) is the m-
th cyclotomic polynomial since any element of order m is a root of ®,,(z) from the
factorization formula 2™ — 1 = []y,,, a(z). We then have f(@) | @, () in k[z]. In a field
of characteristic not dividing m, any root of ®,,(z) has multiplicative order m. Indeed,
if £ | m is a proper divisor, then we have the factorization

g™ — 1=, (z)(2" —1)G(x)

for some G(z) € Z[z]. Since 2™ — 1 has no repeated root, we see that ®,,(z) and z* — 1
can’t have a common root. Therefore, the residue field extension is F,((y)/F,. Finally,
we note that Fy(¢m) = Fye where d is the smallest positive integer such that F, contains
a cyclic group of order m. O]

Adjoining p-power roots of unities will result in a totally ramified extension if the base
field is unramified over Q,, similar to what we did previously for @@, where the important
ingredient is that p is a uniformizer so that ®,m(z + 1) is Eisenstein.

4 N\
Proposition 2.5.6

Let p be a prime and m be any positive integer. Let K/Q, be an unramified

extension. Then K ((,m)/K is totally ramified of degree (p — 1)p™ ! and Galois

group (Z/p™Z)*. When m =1, K((,)/K is totally and tamely ramified and in fact
\K(Cp) = K((=p)"/V).

J

Proof. For each n € (Z/p™Z)*, the map (pm +— (i is a K-autmorphism of K (¢m) and
by comparing sizes, we have Gal(K ((m)/K) = (Z/p™Z)*. O
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Remark: It is possible for K((,)/K to be a nontrivial unramified extension. As
an example, consider p = 3 and K = Qs(+/3), which is a quadratic totally ramified
extension of Q3. The polynomial z? + 1 is irreducible (and separable) over F3 and so
L = K[z]/(2% 4+ /32 + 1) is unramified over K of degree 2. Let 3 € L be the image of .
Then

(V3B +1)° =3V33° +96% +3V33+1=3V38(8 + V36 +1)+1=1.

Hence /33 + 1 = (3 and L = K((3) is unramified over K. Note that since (3 is secretly
v—=3, we have K((3) = K(v/—1) = K((4) is unramified over K.

We now have a fairly nice decomposition of a finite extension L/K of a complete
discrete valued field with separable residue field extension into

KcEcCTCL
where
1. E/K is unramified of degree f with residue field £/k, generated by (,r_y if & = Fy;

2. T/E is totally and tamely ramified of degree ¢’ = ¢/ ged(e, p*°), generated by some
B € T where 3¢ is some uniformizer of E;

3. L/T is totally and wildly ramified of degree e/¢’.

When L/K is infinite, we have the same tower where E is the maximal unramified
extension of K in L from Theorem ??. The maximal tamely ramified extension T of K
exists by the following result.

4 N
Proposition 2.5.7

Let E be a finite extension of a complete discrete valued field K.

1. If E D F D K, then F/K is unramified/tamely ramified/totally ramified if
and only if £/F and F/K are.

2. If E/K is unramified /tamely ramified and L is a finite extension of K, then
EL/L is unramified /tamely ramified.

3. If F1/K and Ey/K are both unramified/tamely ramified, then so is E1Ey/ K.
\- J

Proof. The first statement follows from the obvious multiplicative property of e (and f):

€E/K — €E/FEF/K, fE/K = fE/FfF/K-

The third statement follows from the first two. We prove the second statement first
when F/K is unramified. In this case, we have F = K(a) where the minimal polynomial
f(z) € Alz] of a satisfy f(z) € k[z] irreducible. Let ¢z denote the residue field of E.
Then (g = k(a). Let ¢ denote the residue field of L and let g(x) be the minimal polynomial
of @ over . We have the factorization f(z) = g(z)h(z) of coprime polynomials, which
lifts to a factorization f(z) = g(z)h(x) in Blz| where B is the integral closure of A in L.
Since h(@) # 0, we have h(a) # 0. Hence g(a) = 0. Since g() is irreducible, we see that
g(x) € L|x] is irreducible and FL = L(«a) is unramified over L.

It remains to consider the case where E/K is tamely ramified. Since we have proved
the result for unramified extensions, we may assume E/K is totally and tamely ramified
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of degree e. By Theorem ??, we know E = K(«a) where o = 7 is some uniformizer of K.
Let w be a uniformizer of L and write 7 = uw' for some unit  in B. Now EL = L(a)
where ¢ = uw'. Let L' = L(y/u, (), which is unramified by Theorem ?? and the earlier
result about unramified extensions. It suffices to prove that L'(a))/L’ is tame, for then
L'(«)/L is tame and so L(«)/L is tame. Now L'(a) = L'(a//u) where (a//u) = w'
and L’ contains all e-th roots of unities. We are done by Corollary ?7. m

The Remark right after Theorem 7?7 implies that these properties do not hold for
totally ramified extensions. Recall that K = Qg(\/g) is totally ramified over Q3. The
field K" = Q3((3) is also totally ramified over Q3. However, KK’ = K((3) is unramified
over K.

We saw that finite totally ramified and unramified extensions are monogenic, in the
sense that B = A[f] for some € B. In fact, the same is true for all finite extensions of
complete discrete valued fields with separable residue extensions.

Proposition 2.5.8

Let L/K be a finite extension of a complete discrete valued field K with separable
residue extension ¢/k. Then the integral closure of A in L is monogenic.

Proof. Let 3 € B such that its reduction /3 in ¢ generates ¢ over k. Let f(z) € Alx]
be a monic polynomial such that f(z) € k[z] is the minimal polynomial of 3. Since
(/k is separable, we know that f'(8) € B* is a unit. Let w be a uniformizer for B. If
pur(f(B)) > 2, then f(8+ w) = wf'(B) (mod w?) has valuation 1. By replacing 3 by
S 4 w if necessary, we may assume f(f) is a uniformizer of B. It is now easy to see that
B = A[f] (by Nakayama for example). O

We can now be explicit about the maximal unramified E. Suppose B = A[f] for some
p € L. Let f(x) € Alz] be the minimal polynomial of 5 over K. Since f(x) is irreducible,

we see that f = g° for some irreducible g(x) € k[z]. Now

B/nB = Alal/(f(x), ) = klx]/(5°).

Hence the residue field ¢ for L is then isomorphic to k[z]/(g). Lift g arbitrarily to a
monic polynomial g € A[z] and Hensel lift some root of g in ¢ to ' € B. We then have
an embedding from the unramified extension F = K|z]/(g(z)) to L sending x to f’. The
extension L/F is totally ramified of degree e.

Exercise: Find an example of an irreducible f(z) € Z,[z] such that f = g for some
irreducible g € F,[z] but the ramification degree of Q,[x]/(f(x)) over Q, is not e.

§2.6 Local Kronecker-Weber

We can now prove the local Kronecker-Weber theorem.

Theorem 2.6.1

Every finite abelian extension of Q, lies in a cyclotomic field Q,(¢,).

Proof. Firstly, we easily reduce to the case of cyclic extensions of prime powers degree
since every abelian extension is a compositum of linearly disjoint cyclic extensions of
prime powers degree. We consider the tame case first. Suppose K/Q, is finite abelian and
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tamely ramified. Let E be the maximal unramified subextension. Then K = E(7'/¢) for
some uniformizer 7 of E. Write m = (—p)u for some unit u in E, which is possible since
p is a uniformizer of £. Then K (u'/¢) = E(u'/¢, (—p)'/¢). Now E(u'/¢) is unramified
over I/ and so also over QQ,. Since unramified extensions are cyclotomic, we have

E(ul/eu (_p>1/(p_1)) = E(ul/ev Cp) = Qp(Cms Cp)

for some m of the form p/ — 1. It thus remains to prove that e | p — 1. The extension
K (u!/¢)/Q, is abelian, as the compositum of the abelian extensions K and FE(u'/¢). The
subextension Q,((—p)'/¢)/Q, is then Galois, implying that (. € Q, and so e | p — 1.

It remains to consider the case where K/Q, is cyclic of degree p" for some positive
integer 7. Suppose first that p > 2. Let K1 = Q,((r—1) and Ky = Q,((yr+1). Then
K is unramified with Galois group Z/p"Z and K, is totally ramified with Galois group
ZJp"Z x Z/(p — 1)Z, and we expect K C K;K,. Suppose for contradiction that K is
not contained in K;{K5. Then

Gal(K KKy /Qy) — (Z/p"2) x (Z[p"Z X Z/(p = 1)Z) x (Z/p"Z)

with order more than p” - p"(p — 1). This means that @, has an abelian extension with
Galois group (Z/pZ)3.

If p =2, we need to take Ky = Qq((ar+2) so that Gal(K3/Q,) = Z/27Z x Z/2"Z. Then
if K is not contained in K; K5, we have

Gal(K K1 K»/Q2) — (Z/2'Z) x (Z/2'T x Z2Z) x (Z)2"T)

with order more than 27 - 2"*!. This means that Q, has an abelian extension with Galois
group (Z/27)* or (Z/AZ).

You will prove in HW3, with the help of some Kummer theory, that these extensions
of Q, and Q2 do not exist. O

Local class field theory gives a correspondence between open subgroups N of K of finite
index and finite abelian extensions L of K. Under this correspondence, N = Ny /x(L*)
and Gal(L/K) = K* /Ny k(L*). From the decompositions

Q, Z % (Cp—1) X Ly, forp>2,
QF = Z x(=1) X Zs,

12

we see that
Q/Q)P = (Z/pZ)?,  QF/Q*=(Z/22)°, Q5 /Q3* = (Z/4Z) x (Z/21Z).

Hence Q' and Q5 do not contain finite index subgroups with the desired quotients.
As a consequence of the local Kronecker-Weber, we see that the maximal abelian
extension of @, has the form

sz = @Qp(é‘pffl) ’ hﬂ@p(gpn)-
f n

The first direct limit is the maximal unramified extension Q;n of Q,. Taking Galois
groups gives

Gal(Q/Q,) = lim Z/ fZ x lim(Z/p"Z)* = 7 x T,
f n
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which is the profinite completion of Q) = Z x Z; . There is a natural reciprocity map

¢ : QX — Gal(Q2*/Q,)

sending p™u, where u is a unit, to the automorphism that acts as Frob™ on Q" and
sends (pn to (i on (Qy), = ligq(@p((’pn). Computing the image of the norm map gives

N(Qp(Gpr-1)) = p* x2S,
N(@p(gp")x) = pZ x (1 +p"Zy,).

The first equality is a general fact about finite unramified extensions, which follows from
the fact that the norm and trace are surjective on finite fields. The second equality
actually follows from a general construction in the proof of local class field theory! If
we compare these norm groups to the action of ¢(p™u), we see that there is some norm
compatibility result:

gb(a)|L:idL < GGNL/QP<LX).

The construction of the totally ramified component (Q,), for a general local field of
characteristic 0 is the meat of Lubin-Tate theory, recalling that we can no longer naively
adjoin p-power roots of unities.

The maximal tamely ramified extension @;r is obtained from Q)" by adjoining e-th
roots of p for positive integers e not divisible by p. These are Kummer extensions with
Galois group Z/eZ as Q)" contains all e-th roots of unities for p { e. So we have

Gal((@;r/(@;“) >~ @Z/nZ = H Lyg.
pin q#p

The wild ramification is more complicated. Iwasawa (On Galois Groups of Local Fields
1955) proved that Gal(Q,/ Q}) is the pro-p completion of the free group on countably
many generators. Here the pro-p completion of any group G is the inverse limit of G/N
over normal subgroups N where G//N is a finite p-group. All of the above are true for any
finite extension of Q,, namely for any local field with mixed characteristic. In general, it
is known to be topologically finitely presented with known generators and relations.

§2.7 Ramification groups

Suppose K is a complete discrete valued field and L be a finite Galois extension of K
with Galois group G. Suppose the residue extension ¢/k is separable. Let E be the
maximal unramified extension in L/K. Let A, B, Ag be the valuation rings of K, L and
E.

Recall that we have the natural maps
Homg (L, L) — Homu(B, B) — Homy(¢, ¢).

We also know that Gal(E/K) = Gal(¢/k). By extending any K-automorphism of F to a
K-automorphism of L, we have the surjection Gal(L/K) — Gal(¢/k). Its kernel is the
inertia group, I /k:

Ik ={0€Gal(L/K): o(b) =b (mod q), Vb € B} = Gal(L/E).



34 Sachin Kumar

\
Proposition 2.7.1
There is a short exact sequence
1 = Ik = Gal(L/K) — Gal(¢/k) — 1.
The maximal unramified extension £ is the fixed field of the inertia group Iy k.
. 4

If char(k) = 0, then 7" = L. If char(k) = p, then T is the maximal extension of £ in L
with [L : T equal to the largest p-power divisor of [L : E]. In other words, Gal(L/T) is
the Sylow p-subgroup of I, /.

To understand the inertia group I,k better, we fix a uniformizer = of L, which
automatically generates B as an Ag-algebra. Then we have the map 0y : I/ x — B* via
0o(c) = o(m)/m. The group of units B* has a filtration

B*=UyD>U DUy D---
where U; = 1 + q* for n > 1, with
B*/Uy =2 ¢* and  U;/Uj =q° /g 220

The ramification group Ry g is defined to be 0y Y(U,). More generally, we define all
the higher ramification groups: for any integer ¢ > 0,

G; = {o€Gal(L/K): o(b) =b (mod q"™),¥b € B}
= {0 € Gal(L/K): ¢ acts trivially on B/q"t'}
= {0 cGal(L/K): o(B) = B (mod q"t")}

where € B is any element with B = A[f], which exists by Proposition ??. Then by
definition, we have
IL/K = GO-

It is easy to see that each G is a normal subgroup of G: for any 0,7 € Gal(L/K), we
have

o(B)=p8 (modq™) = ror (7(B8))=7(8) (modq™).

Now for any o € Gy, since o fixes Ap the integral closure of A in E, and B = Ag[n], we
have for any ¢ > 1,

Gi = {0€Gy: o(r) =7 (mod q*1)}

{0 € Gy: o(r)/m =1 (mod q')}
= 0, (U).

Note that if ¢ € G; and v € B*, then from o(u) = u (mod q'™'), we have o(u)/u € Uyy1.
Hence, 6y induces a map

0; Gi/Gi—H — Uz‘/Ui+1

which does not depend on the choice of . It then follows that #; is an injective group
homomorphism. As a consequence, we have

Go/G1 — 0 and Gi/Gi+1 — /.
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4 )
Proposition 2.7.2

The group Go/G; is cyclic, mapped isomorphically by 6y to a subgroup of the group
of roots of unities in £* of order prime to char(k). Moreover:

1. If char(k) = 0, then G; = {1};

2. If char(k) = p, then G, is the Sylow p-subgroup of Gy and has a filtration
where the quotients are Z/pZ.

In particular, the maximal tamely ramified extension T is the fixed field of G, = Ry /.
\- J

Proof. In the characteristic 0 case, £ has no nontrivial finite subgroup. In the characteristic
p case, { is an F,-vector space and so all of its (additive) subgroups are products of
Z]pZ. O

Corollary 2.7.3

All finite Galois extensions of K are solvable.

Remark: The fact that a totally and tamely ramified Galois extension is cyclic (as
Go/G is cyclic) also follows from Kummer theory. If L = K{[z]/(z¢ — ) is Galois over
K, then (. € L. Since pt e, we know K((.)/K is unramified and so (. € K since L/K is
totally ramified. Hence by Kummer theory, K (/7)/K is cyclic. Note since (. is a unit,
it also follows that the residue field k contains (. and so e | |k| — 1.

As another application of the filtration on the units, we have the following result.

Proposition 2.7.4

Suppose the residue field k is finite. Then there are finitely many totally and tamely
ramified extensions of K of degree e. When the residue field k is separably closed,
the totally and tamely ramified extension of K of degree e is unique.

Proof. We know that totally and tamely ramified extensions of K of degree e are all of
the form K[z]/(z¢ — m) for some uniformizer = of K. If two uniformizers my, 7 in K
satisfy m /my € A*¢) then K[z|/(x¢ —m ) and K[z]/(x® — 7s) are isomorphic. Since p 1 e,
we have A% /A*¢ = k> /k*¢ is finite. When k is separably closed, this set is trivial. [

Example 1: Let’s compute the ramification groups in the example of L = K[x]/(z? —
x —t7") where K = F,((¢)) and p { n. Since L/K is a degree p extension, there is an
integer s > 1 such that G5 = Z/pZ and G4, = {1}. We prove that s = n. Let o denote
the image of . Then pg(a) = —n/p and so pr(a) = —n. Let m denote a uniformizer of
L. Now G is generated by o where o(a) = a+ 1 and

ola™) o
al T a+1 a+1

€ U \U,11-

On the other hand a~! = 7"y for some unit v € B*. We have o(u)/u € Uyy; and
o(m)/m € Us\Uqy1. Since p tn, we see that (o(r)/m)" € U\Usy1. Therefore,

o(al) _ (‘W)n AR

a1 T U
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Thus, s = n. This gives another proof that the fields L for different n are non-isomorphic.
Example 2: As another example, consider the ramification groups of Q,(¢n)/Q,. We
saw before that Q,((,»)/Q, is totally ramified of degree (p — 1)p"~* and Galois group
G =Gy = (Z/p"Z)*. For any a € (Z/p"7Z)*, we write o, for the Galois element sending
Cpn t0 (. For any m < n, we have the subfield Q,((,m=)) with Galois group

G(m) = Gal(Q,((pn ) /Qp(¢pm)) = {oa € Gia=1 (mod p™)}.

Let fi,,, denote the normalized valuation on Q,((,m)) so that p,({m — 1) = 1 for
m=1,...,n. Fix any o, # 1 in G. We compute

Mn(o-a(Cp" - 1) - (Cp” - 1)) = Mn(an - Cp”) = Mn(C;;z;l - 1)'

Let v > 0 be the largest integer such that @ = 1 (mod p¥). In other words, a €
G()\G(v +1). Then (%! is a primitive p™ -th root of unity. Hence

o
f (Gt = 1) = PP ptn—p(Gr— — 1) = p".
In other words, we have, for any integer v =0,...,n — 1,
Gp-1=Gp-141 = =Gp_1 = G(v), and  Gspn1 =1

We remark that all of the above remain true if Q, is replaced by an unramified extension
of Q, by Proposition ??, recalling that the key is that p is a uniformizer so ®,n(z + 1) is
Eisenstein.

Note that (p—1)p*~! of the ramification groups G, equal G(v) and G/G(v) = (Z/p'Z)*
has size (p — 1)p°~!. One is then lead to the conjecture that the number of ramification
groups that equal some fixed nontrivial (normal) subgroup H of G is divisible by [G : H].
This is true for abelian extensions, known as the Hasse-Arf theorem! In HW 3, you will
explore a (g-extension (not a typo!) where

G() = G1 = Qg and G2 = G3 = {:l:l} and G4 = {1}

Here there are only 2 ramification groups with index 4.

§2.8 Upper numbering ramification groups

Let K be complete discrete valued field and let L/K be a finite Galois extension with
separable residue extension. Let A and B denote the valuation rings of K and L
respectively. We know that B = A[f] for some 5 € B. We let ig(0) = up(o(f8) — 3) for
any 0 € G = Gal(L/K) so that the ramification groups G; have the property that

ig(O') =i+l o€ Gz\GH—l

Now if H is a subgroup of G, then H is the Galois group of some L/K' and ig(c) = iy (o).
Hence we have
H;, = HNG,.

In other words, the lower numbering ramification groups behave well with subgroups.
However, they are not convenient when it comes to quotients.
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/ I
Proposition 2.8.1
Suppose H is normal. Let M = L be the fixed field of H. Then for any o € G,
iamloH) = —— 3" ia(or) = 7= 3 iglo)
oH) = oT) = oT).
a €L/M ;cq ¢ ## Ho TeH ¢
. J

Proof. Let C denote the integral closure of A in M. Let v € C be such that C' = A[y].
We see that it suffices to prove that

plo() =) = e (HH (779 - 5).

since then dividing by ey = #Hy gives the desired result. Let f(z) € Clz] be the
minimal polynomial of 5 over C'. Then

f@) =TI (= —=7(8).

TEH
For any f(z) = cqz® + -+ ¢ € Clz], we write
fo(x) = o(ca)z + - - + o(cp).

Note that every coefficient of f7 — f is of the form o(c) — ¢ for some ¢ € C. Since
C = Alv], we see that every coefficient of f7 — f is divisible by o(v) — v in C. Hence

o(y) —~ divides f7(8) — f(f) in B where
17(8) = 1(8) = f7(8) = T1 (8= o7(8)).

TeEH

For the other division, let g(z) € Alz| such that v = ¢g(8). Then g(x) — v € C[z] vanishes
at [ and so

g9(x) =7 = f(z)h(z)
for some h(x) € Clz]. Note that ¢° = g since g € A[z]. Apply ¢ and then set © = [ gives
v—o(y) = f7(B) - h7(B)
which gives the division in B in the other direction. O

There is a family of subgroups of G where the ramification groups behave well with
quotients.

Corollary 2.8.2

Suppose H = G, for some 57 > 0. Then (G/H); = G;/H for all i < j and
(G/H); = {1} for all i > j.

Proof. Take any 0 € G\H. Then ig(0) < ig(r) for any 7 € H since H = G, and so
ia(or) = pr(o7f = B) = pu(o(78 = f) + o = §) = ic(o)

pr(o(r8 = B)) = pe(78 — B) = ia(r) > ic(0).

Since H C Gy, we have Hy = H. Then by Proposition 77, we have iq/u(cH) = ig(0).
Hence (G/H); = G;/H for all i < j; and for i > j, (G/H); C (G/H); = {1}. O
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Note that we proved that:
ig(o7) > min{ig(0),ig(7)}, with equality if ig(0) # ic(7).
Suppose now H is a general normal subgroup of G, it is still reasonable to expect that
for any integer v > 0, (G/H), = G,H/H for some integer u > 0. For example, when
v =0, (G/H)y corresponds to the maximal unramified extension of K in M, which
is the same as M intersecting with the maximal unramified extension of K in L. So
(G/H)y = GoH/H. For any 0 € G\ H, let
jlo) = max ig(oT).

Then

cHe G,H/H < jlo)—1>u

oH e (G/H), < igmu(cH)—-12>wv.
Suppose ig(0) = j(o). Then for any 7 € H, if i¢(7) < ig(0), then ig(o7) = ig(7); if
i¢(T) > ig(0), then j(o) > ig(oT) > ig(0) = j(o). In both cases, we have

ig(o7) = min{ig(7),j(0)}.

Hence, we have

#Ho Z;{mm{z(; ,j(o)}

Note this formula implies that iq/u (0 H) can be expressed as an increasing function in
j(o). We define for any real number v > —1, and any finite Galois extension L/K,

1 .
pr/r(u) = G, (Z min{ig (o), u + 1}) - 1= e Uéo min{ig(o) — 1,u}.

oeG

Zg/H((TH

Then ¢/ is a piece-wise linear non-decreasing function and for any integer u > —1,

G H/H = (G/H)

<PL/M

4 N
Proposition 2.8.3

Let v > —1 be any real number. Let m be an integer such that m < u < m + 1.
Prove that

pr/x(u) = #GO(#G1+ -+ #G + (v — m)F#Gia).

In other words, ¢r/x(—1) = —1, is piece-wise linear, with slopes #Gp,+1/#Go in
[m, m + 1].

J
Proof. (Proof by staring.) Since ¢r/x(—1) = —1is clear and ¢y, /i is piece-wise linear,
it suffice to prove the slope statement. Let v € (m,m + 1) be a non-integer. Then
min{ig(c) —1,u} = v if and only if ig(0) —1 > m+ 1 if and only if 0 € G,41. O

Example: Consider the extension Q,((yn)/Q,. We computed earlier that Gy = (Z/p"Z)*
and

Gpv—l — Gpv_1+1 — . — Gpv—l g G(U) — 1 +pUZ/an
with index (p — 1)p*~! in Gy for v > 1. Working out ¢, we find that p(p” — 1) = v for
v=20,1,2,... and is piecewise linear joining them. In the case of the Q)s-extension with

Go=G; = Qs and Gy = G3 = {£1} and G4 = 1, we have p(1) =1 and ¢(3) = 3/2.
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Lemma 2.8.4
If r/k(u) € Z, then u € Z.

Proof. If v = ¢ k(u) € Z, then

(u—m)#G i1 = v#Gy — (#G1 + - -+ #G)
but every term on the right hand side is divisible by #G,, 1. 0

The Hasse-Arf theorem states that the points where the slopes change are all lattice
points (points with both coordinates integers). This is equivalent to our conjecture
earlier that the number of ramification groups equal to H is divisible by the index

G : H].

Theorem 2.8.5
(Hasse-Arf) If G is abelian and G, # Gy41, then ¢/ (u) € Z.

It is common to define G, for any real number u > —1 by G, = G, and G_; = G.
We define the upper numbering ramification groups by

G" =G, where v =r/Kr(u).

Note that Lemma 7?7 implies that if v € Z, then u € Z. The Hasse-Arf theorem implies
that if G is abelian, then G* and G*™' (when v € Z) are either equal, or are two
consecutive ramification groups and so GV/G"*! is a subgroup of {1}, £* or ¢.

The advantage of the upper numbering is that

GWL/K(u)H/H = G,H/H = (G/H) () = (G/H)cpM/K(soL/M(U))

PrL/M

4 N\
Proposition 2.8.6

For any u > —1,
i/ () = ony(prm(u)).
Therefore (Herbrand’s Theorem) for any v > —1,

(G/H)® = G*H/H.
. 4

Proof. Since both sides are piecewise linear and start at (—1, —1). It suffices to prove the
two sides have the same slopes at non-integer points. Suppose u ¢ Z and v = ¢ (u).
Note that v ¢ Z. Then the derivative of the right hand side is

EM/K €L/M €L/K €L/K
which equals the derivative of the left hand side. O

The fact that the upper numbering ramification groups behave well with quotients
means that we can define them for infinite Galois extensions. Let L/K be an infinite
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Galois extension. Let ¥(L/K) denote the set of intermediate fields F' such that F//K is
finite Galois. We have
Gal(L/K) = Jim Gal(F/K)
FeS(L/K)
= {<0_F) € H Gal(F/K) UFl‘FlmFQ - UFQ’FlmFQ}'
Fex(L/K)
If we give each Gal(F'/K) the discrete topology and the product the product topology,
then the image of Gal(L/K) is closed and so is compact by Tychonoff’s Theorem.
Pulling back this topology gives the Krull topology on Gal(L/K), where a basis of open
neighborhood is given by o Gal(L/F') for any ¢ € Gal(L/K) and any finite extension
F/K. Infinite Galois theory gives a correspondence between the closed subgroups of

Gal(L/K) and intermediate fields £/K. We can then define
Gal(L/K)" = lim  Gal(F/K)"’
Fex(L/K)

— (| {0 € Gal(L/K): o|r € Gal(F/K)"}.

Fex(L/K)
Note that they are all closed in Gal(L/K).
Example: Consider (Q,), = liﬂ@p(gpn). We have for v > 1,
Gal((Q,),/Qp) = @(Z/p”Z)X = Z;»
Gal((Qp),/Qp)" = lﬂl(l +p'L[p"L) = 1+ p°Ly,.

We can give another proof of the local Kronecker-Weber theorem using Hasse-Arf!

Proposition 2.8.7
Suppose that L/Q, is abelian, totally ramified and contains (Q,),. Then L = (Q,),.

Proof. It suffices to assume L/(Q,), is finite. Let G = Gal(L/Q,) and H = Gal(L/(Q,),)-
Then we have for any integers v > 0

1+ p°Z, = (G/H)" = G'H/H =~ G"/(G* N H).

From the following commuting diagram with exact rows and injective vertical maps

l—G""'NnH—G"" L4+ pZ, —1
11— G'NH G 1+ p*Zy, ——1

we have

#(GV )G = #(G N H/G™H N H) - {p -1 =0,
P ifv>1.

In particular, the groups G" have finite index in GG. Hence their fixed field is some finite
extension F,/K with Gal(E,/K)" = {1}. Moreover,

Gv/G T = N {0 € Gal(Ey1/Q,): o|r € Gal(F/Q,)"}

FeX(L/Qp)
< Gal(E1/Q,)"/ Cal( By /Qy)

N Fy ifv=0,
F, ifv>1,
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where the last inclusion uses Hasse-Arf. Hence, we see that for all v > 0,
G'NH=G""NH.

However, H C Gy = G° and so H C GV for all v > 0. Therefore, H = 1 since N, G¥ =
as any o € (), GY is trivial on any finite F//K. H

Corollary 2.8.8
(Local Kronecker-Weber) We have Q2" = Q" - (Q,),..

Proof. Extend the automorphism that acts as Frobenius on Q)" and identity on (Q,),
to an automorphism 7 on @;b. Then for any finite abelian extension M /(Q,),, the fixed
field of 7|y is a totally ramified extension of @, that contains (Q,),, and so is (Q,),
itself by Proposition ??. In other words, Gal(M/(Q,),) = (7|a) is cyclic. Now if M; and
M, are two degree n extensions of (Q,), in Q&°, then since Gal(M;M/(Q,),) is cyclic
and has a unique subgroup of index n, we see that M; = M,. Now the compositum
Qp(Gpm—1) - (Qp), is degree n over (Q,),. We conclude that any finite abelian extension
M/Q, is contained in Q" - (Q,), O

§2.9 Discriminant

Suppose L/K is a finite separable extension of a complete discrete valued field K with
separable residue extension ¢/k. Then we know that the valuation ring B is monogenic:
there exists 5 € B such that B = A[f]. Let f(z) € A[z] be the minimal polynomial of 5.
We define the discriminant of L/K as the principal ideal

Disc(L/K) = (Np/k(f'(8)))

We will define the discriminant more generally later and show that they coincide in this
case.

To see the independence with /3, we let oy, . . ., 0, denote the n embeddings of L = K (/3)
into K. In other words, they are determined by o;(5) = ; where the polynomial f(x)
factors as [[7;(x — ;) in K®P. The embeddings together define an isomorphism

L QK J(sep o (Ksep)n

of K®P-vector spaces. The determinant of multiplication by f/(3) on L as a K-vector
space equals the determinant of multiplication by (f'(51),..., f(B,)) in (K*P)"™. Hence,
we have the familiar

Ny (f'(P)) = f[ F(B) = (=102 T (6= 8))* = (=)" " DRA(f).

i=1 1<i<j<n

we can write the discriminant A(f) as the square of the Vandermonde determinant of
the n x n matrix M whose (4, j)-entry is o;(5°~1). Now if {a, ..., a,} is another A-basis
for B, and M’ is the matrix whose (i, j)-entry is 0;(c;), then det M and det M’ differ by
a unit in A*. Then, we also have the usual

Disc(L/K) = (det(o;(;))?) = (det(Trr, x (a;c)))-
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If M/L is another finite separable extension with separable residue extension, then
Disc(M/K) = Disc(L/K)™EINy i (Disc(M/L)).

This can be checked by bashing out the matrices. We will give a more intrinsic proof
when we define discriminants in general later. Note that for any uniformizer w of L, we
have
er/i  1x(Nog(w)) = pr(Noyx(w)) = [L 2 K].
Hence, we have
Niyx(q) = plee.

Recall that when A is a Dedekind domain with field of fraction K and L/K a finite

separable extension, we have the inverse different of the integral closure B over A:

Dpja = {a € L: Tryk(ab) € A, Vb € B}
and the discriminant
Disc(L/K) = Disc(B/A) = Nk (Dpya)-
When B is monogenic, that is, B = A[S] for some § € B, from the proof of Theorem ?7?,
we can compute the inverse different using the basis {1, 3, ..., 5" !} to find
Dpya = (f'(B))-
Taking norm gives the usual
Disc(L/K) = (A(f)) = (I[(B: = 8))*)
i<j
where (1, ..., 5, denote the conjugates of 3, and A(f) is the (polynomial) discriminant
of f(x). Let o1, ...,0, denote all the embeddings of L in K*P so that 3; = 0;(). Then
we can write A(f) as the square of the Vandermonde determinant of the matrix M whose
(i, j)-entry is o;(37). Now if {a, ..., a,} is another A-basis for B, and M’ is the matrix

whose (i, j)-entry is o;(c;), then det M and det M’ differ by a unit in A*. Then, we also
have the usual

Disc(L/K) = (det(o;(;))?) = (det(Trr, x (asc;)))-

4 N\
Proposition 2.9.1

Let M/L be a finite separable extension and let C' be the integral closure of A in M.
Then

Doja = DeyDpia,  Disc(M/K) = Disc(L/K)MEINp i (Disc(M/L)).
\_ 4

Proof. Let I be any fractional ideal of C' (in M). Then

I CDgjp <= Tray(IC)C B
<= Dpjy Trayyi(I) € Dy
< Tryk(Dgjul) C A
< Dyl CDgjy
< I CDpaDg,-

The statement about the discriminants follow from Ny g = Ny © Npy/r,, which follows
from the same statement for elements and by localization. O]
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We will focus on the case K is a complete discrete valued field and when the residue
extension ¢/k is separable. We will see later that the inverse different and the discriminant
behave well with respect to localization and completion.

4 N\
Proposition 2.9.2

Let M/L be a finite separable extension and let C' be the integral closure of A in M.
Then

Doja = DeyDpia,  Disc(M/K) = Disc(L/K)M*E Ny i (Disc(M/L)).
\_ 4

By Proposition 7?7, we know that there exists 8 € B such that B = A[S] with minimal
polynomial f(x). Then we have:

Lemma 2.9.3
Suppose L/K is unramified. Then Disc(L/K) = (1).

Proof. In this case, (3 is a simple root of f(x) and so f'(/3) is a unit. O

Corollary 2.9.4

Suppose E/K is the maximal unramified extension in L/K. Then

Disc(L/K) = Ng/k (Disc(L/FE)).

More explicitly, recall that any finite L/K is of the form L = K[z]/(f(z)) where f = g°
for some irreducible g(z) € k[z]. Let E = K|z]/(g(z)). Then L/E is totally ramified
of degree e and E/K is unramified of degree deg(g). Suppose char(k) t e so that the
extension is tame. Then we have from the next calculation that Disc(L/E) = p¢~! and
Disc(E/K) = (1). Hence we have

Disc(L/K) = Ng/k(Disc(L/E)) = pdeg(?))(efl)'

As an immediate consequence, we see that if Disc(L/K) is squarefree and e > 2, then
deg(g) =1 and e = 2.

~
Proposition 2.9.5

(Ore’s condition) Suppose L/ K is totally ramified of degree e. Then Disc(L/K) = p™
with
e—1+pur((mmode)+1)<m<e—1+pu(e).

We have equality m = e — 1 if and only if L/K is tamely ramified. Moreover, any m

satisfying the above inequality can happen.
\- J

Proof. In this case, § is a uniformizer and f(z) is an Eisenstein polynomial f(z) =
2€ 4 ae 1271+ - - + ag with a; € p and ag ¢ p%. Then

F(B)=ef 4+ (e — a1 %+ +ay.
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Note that pr(ia;371) > e foralli=1,...,e— 1 since each a; € p = q° and pu(eB° 1) =
wr(e)+e—1. Hence ur(f'(5)) > e — 1 with equality if and only if u(e) = 0 if and only
if char(k) 1 e.

For the more precise bound, note that e | ur(ia;) and so each ug(ia;37') = i —
1 (mod e). In other words, they all have distinct valuations. Hence pr(f'(5)) <
pr(efe™') = e —1+ pg(e). For the lower bound, suppose m = s — 1 (mod e) for some
s =1,...,e. This means that

m = pur(f'(8)) = pr(sasB°") = pr(s) + pr(as) +s — 1.
If s = e, then this is exactly e — 1 + pr(s). If s < e, then ug(as) > e and we have
m>e—1+ pug(s).
The last statement is obvious by choosing as to have the correct valuation and all
other a;’s to have huge valuations. O]

The extension Q,((,)/Q, is totally and tamely ramified of degree p — 1. Hence

Disc(Qy(¢)/Qp) = (7).
What about Disc(Q,(¢n)/Q,)? We can use ramification groups!

Corollary 2.9.6

Suppose K is a complete discrete valued field with finite residue field. Then for any
integers e,m > 1, there are only finitely many extensions L of K of degree e and
pu(Disc(L/K)) < m.

Proof. From the uniqueness of unramified extensions of any degree, we may consider
only the totally ramified case. ]

Suppose now L/K is Galois with Galois group G. Then

rey =11 B-a®)

oce€G,0#1
Recall that i¢(0) = ur(o(S) — 5). Hence, we have
pe(f'(B) = ) iclo)
o#1
= UGo| = [G]) +2(|G1| = |Ga) +3(1Gof = |Gs) +- -

= |Gol + |G|+ - + |Gpa| —m,

where G,, is the first trivial ramification group.

We apply this to Gal(Q,(¢n)/Q,) = (Z/p"Z)*. Recall that for any v =1,...,n — 1,
there are (p — 1)p¥~! ramification groups with index (p — 1)p”~!. The group Gy has order
(p — 1)p"~! and the first trivial ramification group is G n-1. Hence, we have

Dise(@,(Gr)/Qy) = (PP 7) = (o=t
For the funny Qg example with Gy = G1 = Qs, G2 = G3 = {£1}, G4 = 1, we have
Disc(L/K) = p'S.

Finally consider the example K, = K[z|/(2? —x —t™") where K = F,((¢)) and p { n.
We saw that Gy = Z/pZ for s =0,...,n and G, = {1}. Hence we have

Disc(K,/K) = (t(P—l)(n-H)).

Note that in this case e = p = 0 in L so the term uy(e) = oo in Ore’s condition. Note also
that since p { n, we have (p—1)(n+1) # p—1 (mod p), so that (p—1)(n+1) mod p+1 # p.
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4 )
Corollary 2.9.7

Suppose K is a complete discrete valued field and L/K is a finite extension with
separable residue extension. Let L'/K be the Galois closure. Then

1

pr(Dpja) = iGal(L k) (0).

€L'/L seQal(L'/K)\ Gal(L'/L)

Theorem 2.9.8

Suppose K is a complete discrete valued field. Let s > 0 be any integer. Then for
any positive integer n, there are only finitely many Galois extensions L/K of degree
n and G = {1}.

Proof. The condition Gy = {1} implies yi,(Dp/a) < (n — 1)s by Proposition ??. O

§2.10 The mass formula of Serre and Bhargava

In this section, we discuss Serre’s beautiful mass formula about the number of totally
ramified extensions of a local field K of fixed degree n. Let X, (K) denote the set of
degree n totally ramified extensions of K contained in (some fixed) K5P. Let %, (K)/ ~
denote the set of these fields up to K-isomorphisms.

We consider the tame case p { n first, where p = char(k) and k is finite. We know
they are all isomorphic to K (/7) for some uniformizer = of K. Kummer theory implies
that K (/1) and K ({/m3) are isomorphic over K if and only if 7o /71 € K", provided
that K contains all n-th roots of unities. Since adjoining the n-th root of a unit is an
unramified extension, the same holds without the assumption of (,, € K. More precisely,
suppose K (/71) and K({/m;) are isomorphic over K. Then {/u € K({/m) where
u=my/m € A*. Since K({/u)/K is unramified and K (/m)/K is totally ramified, we
see that {/u € K. In other words, there is a bijection

Yu(K)) ~ — AYJA — kKX
On the other hand, we have the bijection
Autg (K (/7)) +—  A%[n] <+— k*[n] <«— K/
In other words, we find that

1
2 #Autg(L)

LeX,(K)/~

In the general case, we also need to weight by the discriminant. Suppose that £k = [F,.
We write

Disc,(L/K) = ¢"PsE/K) — L(A/Disc(L/K)).

Recall that in the tame case, Disc,(L/K) = ¢"".
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4 )\
Theorem 2.10.1

Let K be a local field with residue field F,. Let n > 1 be a positive integer. Then

> 1 11
o # Autg (L) Disc,(L/K) ¢V

LeX, (K

where Autg (L) denote the group of K-automophisms of L.
- J

Remark 1: When counting isomorphism classes, it is standard to weight by the inverse of
the size of the stabilizers. We note that every L € ¥, (K) is isomorphic to n/# Autg (L)
many distinct field extensions of K contained within a fixed separable closure K*P.

Hence, we also have
1 n

Disc,(L/K) ¢

Lex, (K)

Remark 2: When K has characteristic p, this is an infinite sum. Serre’s mass formula
then predicts that this sum converges. When K has characteristic 0, we already know
this is a finite sum.

Let mg and my, denote the normalized Haar measures on K and L. In other words, they
are translation invariant normalized so that my(A) = mz(B) =1 and so mg(p) = ¢~ *.
Let

Py=px - xpx(p\p?) Cp"

parameterize Eisenstein polynomials over K. Extend mg to m}j on K™ via the product
measure. We have

mi(P) =q "1 —q ).
For any L € ¥, let PL denote the subset of P, consisting of polynomials f such that
L= Kl[z|/(f(x)). Then

my(P)=q¢"1—q )= Y mk(Ph.
LeXy(K)/~

Note in the case K has positive characteristic, we need to remove the subset of P,
consisting of the inseparable irreducible polynomials, but it is easy to prove that this
subset has measure 0. It now suffices to prove that

1 1
n PL — -1 1 — -1 '
mic(Bn) = At (D) Discy (LK) 11 )
We now fix L with valuation ring B and maximal ideal q. Let oy,...,0, denote the

embeddings of L in K*P. Consider the map
pr:a\a® = Py
defined by

n

¢1(m) = Npjc(x +m) = [[(x + oy(m)).
i=1
The map ¢y, is an # Autg(L)-to-1 surjective map. Indeed, given any f € Pl fix an
isomorphism K[z]/(f(z)) — L and let m denote the image of —z. Then ¢ (7) = f.
Moreover, two elements 71, m € q\g? have the same image if and only if they are
conjugate.
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Since mz(q\q%) = ¢~ (1 — ¢ '), it remains to compute the Jacobian of ¢ and prove
that for any 7 € q\q?,

u(Jac(pr)(m)) = p(Dise(L/ K).
We fix an A-basis {ej,...,e,} for B. This identified L as K", B as A", and Haar

measure my, as the product measure myg X --- X mg. We can extend ¢y to a map
K™ — K™ as the composite of

©1: (b, ... by) = (o1(brer + -+ buen), .. on(brer + -+ + bpey))

and
0o (1, ) = (T Ty Ty Ty,

We note that
Jac(gol)(bl, N ,bn) = det(ai(ej))

and
Jac(@?)(mla s ;xn) = H(xl - .T])
i<j
To see the latter formula, note that Jac(yr)(z1,...,x,) is homogeneous of degree n(n —
1)/2 and vanishes when z; = z; for any ¢ < j. To find the leading constant, set z,, = 0
and apply induction. Suppose now 7 € q\g? corresponds to some (b1, ..., b,) € A". Then
Jac(pr)(m) = det(oi(e))) - [[(0i(m) — o5()).
i<j

Since B = A[r|, we know that the square of each factor above generates Disc(L/K). The
proof of Serre’s mass formula is now complete.

The map ¢, sending o € Oy, to the coefficients of f, = Np,x(x + ) is also of interest
when L is a degree n étale K-algebra or when B # Ala]. That is, when L = K[z]/(f(x))
for some polynomial f(z) € K[z] of degree n and nonzero discriminant. In this case, we
have

[Jac(or)(a)| = |det(o; ej |H oi(a) — UJ a)l
1<j

1

= Diseyzye AT

Let A, =2 A™ denote the space of monic degree n polynomials in A[x] equipped with the
measure mj; and let ¢ be a measurable function on A,,. For example, ¥ could be the
characteristic function of the set of polynomial with squarefree discriminant. Then we
have

_ 1 1 . /
LoD = S Ty BRI Jo, VU) - 1A U e
étale/~

Let’s now consider generalizations of Serre’s mass formula due to Bhargava. First
let’s consider all field extensions. Fix positive integers e, f. We write the splitting type
(L/K) = (f°) if eryx = e and fr )k = f. The totally ramified case corresponds to the
splitting type (1™). Let E be the unique unramified extension of degree f over K in K%,
Recall that by Corollary ?? that Disc(L/K) = Ng/k(Disc(L/E)). Since Ng/k(qr) = p/,
we see that

Discy, (L/E) = (¢! )rrPise/E) — greWNex®@ise(L/E) — Disc, (L/K).
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Since E'/K is Galois, any L/K with splitting type (f¢) contains F. Therefore, by Serre’s
mass formula,

1 1 e

g Do (LK) Disc,n(L/K) _ g7

>
(L/B)=(19)

In other words, we have proved:

4 N
Proposition 2.10.2
Let K be a local field with residue field F,. Let e, f be positive integers. Then
> 1 111
(L/K):(fe)/N#Aut(L/K) Disc,(L/K)  fqfte=1’
. J

An étale algebra L over K isa K —algebra that is isomorphic to a finite product of finite
separable field extensions of K. If L = Ky x --- x K, where each Kj; is a finite separable
field extensmn of K with spliting type f; 1, then we write the splitting type of L/K as
(L/K) = (f{*--- f&r). The discriminant of L/K is the product of the discriminants of
K;/K, since both can be defined using the trace form. Counting isomorphism classes of
such L weighted by m is the same as counting ordered products K; x --- x K,

weighted by
1 1 1

#Aut(K,/K)  #Aut(K,/K) N’

where N denotes the number of permutations of the factors f;* preserving (fi*--- f57).
For any splitting type o = (fi* -+ f5), we define

Discy (o) = ¢/t D thrler=1), #Aut(o) =Nfr--- f,.

For example, for o = (111%23333%), Disc,(0) = ¢'° and # Aut(c) = 1-1-1-2-3-3-3-3-2!-3! =
1944. We therefore have:

4 )
Proposition 2.10.3

Let K be a local field with residue field ;. Let o be a splitting type for a degree n
étale algebra of K. Then

1 1 1 1

(L/Kz):a/w # Aut(L/K) Disc,(L/K) - # Aut(o) Discy(o)

. J

We can now prove Bhargava’s mass formula using some combinatorics.

-
Theorem 2.10.4
Let K be a local field with residue field F,. Then

1 1 — p(k,n — k)
2 I # Aut(L/K) Discy(L/K) Z

[L:K]=n étale

where p(k,n — k) is the number of partitions of k into at most n — k parts.
. J
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Proof. Fix any splitting type o with
k;:fl(el—l)—l-”-—i-fr(er—l) ZO

The number # Aut(o) should look familiar in terms of centralizers of conjugacy classes
in symmetric groups. For any t > 0, let n; denote the sum of f; with e; — 1 =¢. Note
that ng; = 0. Let xo = (X0, .., xx) denote the conjugacy class in G = S, X --- X S,
where x; corresponds to the cycle structure (f;,, ..., fi,) where these are all the f; with
e; = t. Then

4 Ant(a) = £Ca(xa),

where Cg(x,) denotes the centralizer of y,. We write w(c) = (no,...,nx). Note that
l{::n1—|—2n2+-~-+knk
is a partition of k into ny + --- + nx < n — k parts, since
k+ng+ni+ - +ng=) efi=n
Conversely, given any partition of k£ into at most n — k parts, we let n; be the number
of parts equal to t for t > 1 and let no =n —k —ny —--- —ng > 0. Hence there are
p(k,n — k) different (k + 1)-tuples (n, ..., n) for which there exists a splitting type o

with 7(c) = (no, . ..,ns) and Disc,(0) = ¢*. Therefore, by Proposition ??, it remains to
prove that

w(o)=(no,-...,

This follows from the above interpretation of # Aut(c) as #Cs(x,). Indeed, as o vary

over all possible splitting types with 7(c) = (no, ..., nx), the conjugacy class x, recovers
all conjugacy classes in GG. Hence
#G 3
> - #x = #G.
w(o)=(no,...,nk) # AUt(U) xCG conjugacy class
Canceling the #G completes the proof. m
4 )
Corollary 2.10.5
Let K be a local field with residue field F,. Then
3 1 1 _q
[L:K]=n unramified/~ # Aut(L/K) DISCQ(L/K) '
. J

Proof. Unramified étale extensions correspond to splitting types ¢ with £ = 0 and
(o) = (n). O

We also have similar mass formula for étale extensions of R. Degree n étale extensions
of R are of the form L = R"2?* x C* for some integer 0 < k < n/2. For such L, we have
# Aut(L/R) = (n — 2k)! - k! - 2%, We associate to it the conjugacy class X, C S, whose
cycle structure consists of k 2’s so that

# Aut(L/R) = #Cs, (Xnk)-

The union of these x,,, over 0 < k < n/2 is exactly the set S,[2] of 2-torsion elements of
Sh.-
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Proposition 2.10.6
We have

5 1 #sp)

# Aut(L/R) n!

[L:R]=n étale/~

Using these mass formula, Bhargava gave a conjectured formula for the number
N(Sy, X) of S,-number fields of degree n and absolute discriminant bounded by X:

i, S0 2 (#50) (=1t i)

X—00 X 2 n' P P k=0 pk

A similar heuristic formula can be written down for extensions of global fields. These
have been proven for n = 2,3,4,5. The extra factor of 1/2 can be viewed as coming from
that |A(f,)|"/? in the formula for |Jac(pr)(a)| when K = R!
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A global field is a finite extension of Q or of F,(¢) for some prime p. We began this
semester classifying absolute values on Q and on F,(¢). What about their extensions?
We begin with a lemma that reduces to the case of finite separable extensions.

Lemma 3.0.1

Suppose L is a finite extension of [F,(¢) for some prime p. Then there exists v € L
such that L is finite separable over F,(u).

Proof. (Sketch) Let K be a subfield of L that is separable over F,(u) for some u € L and
such that [L : K] is minimal. Suppose K # L. Then let w € L\ K with w? € K. Prove
that u is separable over F,(w) and so K (w) is separable over F,(w) with [L : K(w)] <
L: K. O

4 )\
Theorem 3.0.2

Let K be a field with an absolute value |.| and completion K. Let L/K be a finite
separable extension. Then there are finitely many extensions |.|1,...,[.|. of |.| to L.
They correspond to the decomposition

112

Lox K

1] L:
i=1

where each L; is a finite separable extension of A and is the completion of L with
respect to |.|;.

J

Proof. Write L = K[f] for some 8 € L. Let f(z) € Klz] be its minimal polynomial
and suppose it factors as f(z) = g1(z) - - g,(x) into irreducible polynomials in K[x]. Let

A

L; = Klz]/(gi(z)) for any i = 1,...,r. Then since L/K is separable,
Lox K = Kla]/(f(2) = ] L.
i=1

Suppose |.| is an absolute value on L extending |.|. Let L’ denote its completion and let
v : L < I/ denote the natural embedding. Then L' = K[u(8)] = K (u(3)) because K[u(5)]
is complete and contains +(L) as a dense subset. Let g(z) € K[z] denote the minimal
polynomial of ¢(f3). Then since f(¢(5)) = 0, we see that g = g; for some ¢ =1,... 7 and
so L/ = ;.

Conversely, fix some i = 1,...,r. The absolute value || on K extends uniquely to |.|;
on L; = K[z|/(g:(z)). We then have an embedding L — L; sending /3 to z. Restricting
|.|; to L then gives an absolute value on L. O

We consider the archimedean absolute values, which only exist for number fields
(finite extension of Q). In this case, we have K = Q(3) = Q[z]/(f(z)) for some monic

o1



52 Sachin Kumar

irreducible f(z) € Q[x]. We factor f(z) in R[z] into a product of 7 linear factors and 7
quadratic factors. Then r; + 2ry =n = [K : Q]. We have

K®gRER" x C™.

There are r; real embeddings o1, ...,0,, sending [ to a real root of f(x); and 2ry
complex embeddings, namely o, 11, ..., 0, 4. and their complex conjugates, sending
to a complex root of f(z). We define the normalized absolute values by

lal|; = |oi(a)], for i=1,...,r,

l|lal|; = |ai(a)|2, for i=ri+1,....71+1o.

The choice of the normalizations is so that

ri1+r2

(Niso(a)l = ]I lall:-
i=1

As some concrete examples, we have

e Q(@3) = C: GG,
. @(Cs)‘%(CX(CZCE)H(C&Cg),
¢« Q(W2) > RxR: V2 (V2,—V2).

The ring of integers Ok of K is isomorphic to Z" as an abelian group. Its image in
R"™ x C™ is then a full rank lattice Ag, upon identifying R™ x C™ = R" as R-vector
spaces.

Proposition 3.0.3

We have
|Disc(K/Q)| = 2*2Vol(R"/Ax)* = 22 Disc(Ak)?,

where Vol is the usual Euclidean volume.

Proof. Let aq,...,a, be a Z-basis of Og. Recall that
Disc(K/Q) = det(o;(c;))>.

For each ¢ =1,...,ry, adding the r{ 4+ r9 4+ £ row to the r; + ¢ row turns the r; + ¢ row
into 2Re(0,,4+¢(c;)). Then subtracting 1/2 of this new r; + ¢ row from the ry + 7y + ¢
row turns it into —Im(o,,+¢(c;))i. In other words, if we write M for the n x n matrix
whose j-th column is the image of o; in R". Then

det(o;(ey;)) = £(—2i)" det M.
We are now done because | det(M)] is exactly the discriminant of Ag. O

Remark: One can get rid of the 2™ using a different normalization of C = R?.

Theorem 3.0.4
The images of Ok in R ! x C™ and R™ x C™~! are dense.
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For example, we have the familiar density result of Z[v/2] < R and Z[(5] — C.

Proof. The key idea is Minkowski’s convex body theorem. Take a convex region in
R"™ x C" that is tiny in all but one directions and sufficiently large in that last one
direction so that its volume is bigger than 2"Disc(Ag). Here we consider each C-factor
as “one direction” as well. Then a nonzero oy € O can be found inside.

Fix some v in R™~! x C"2 or R™ x C™~! to be approximated. Embed it in R™ x C"2
by setting its remaining coordinate 69. Every point in R™ x C" is not too far from some
lattice points in Ag. In other words, there exists a constant C' depending only on K
such that |v/ag — a|; < C for all i for some o € Ok. Then |v — aga|; < Clayl; for all 4.
By choosing our convex body in the beginning so that |ag|; < €/C for all but one i, we
have |v — apal; < € for all but one 1. O

When the absolute value |.| is discrete with valuation ring A, we can also describe the
extensions in terms of the splitting of prime ideals. Let B be the integral closure of A.
Let p denote the (nonzero) prime ideal of A corresponding to |.| so that p consists of all
a € A such that a™ — 0 under |.|. Any extension |.|' to L extending |.| then defines a
prime ideal q of B that contains p. To understand the splitting of prime ideals, we recall
some results about Dedekind domains.

A Dedekind domain is a Noetherian integrally closed integral domain such that
every nonzero prime ideal is maximal. Every PID is Dedekind. In particular, Z and F,[x]
are Dedekind domains.

Theorem 3.0.5

Suppose A is a Dedekind domain with field of fraction K. Let L/K be a finite
separable extension. Then the integral closure B of A in L is a Dedekind domain.

Proof. We first prove that B is finite over A and so is also Noetherian. This is where
separability is used. By the primitive element theorem, L = K (/3) for some € B. Let
f(x) € K[x] be its minimal polynomial of degree n. Let /3, ..., 3, denote the roots of
f(x). The trace Trz, x of any g(53) € L is defined as

n

Tro(9(6)) =D 9(8:).
i=1
We have the following interesting formula:
0 ifj=0,...,n—2,

Trox(B/f(B) =41 if j=n—1,
eA ifj>n.

Using partial fraction decomposition, we have
1 " 1
AT~ 2 PNT— )
Expanding both sides as power series in 1/T" gives

1 1 & T i/
Tn + higher order terms = T Z rL/K(ij/f (6))

Jj=0



54 Sachin Kumar

Comparing coefficients when give the above formula. The upshot is that (z,y) —
Trp i (xy) is a non-degenerate symmetric bilinear form on L. For any A-module M C L,
we define its dual

MY ={a€ L: Try/k(ab) € A: Vb e M}.

If M is free of full rank, so that an A-basis is also a K-basis of L, its dual is also free of
full rank by taking a dual basis. If M C B, then since Try k(b) € A for every b € B, we
see that B C MV. By taking M = A[S] = Span,{1,4,...,3" "'}, we have

BC MY =

Hence B is finite over A.

As the integral closure of A, B is integrally closed. It remains to prove that any
nonzero prime ideal q of B is maximal. Let p = q N A. Then p is clearly a proper prime
ideal. We prove that it is nonzero. Take any § € q — {0}. Let f(z) € A[z] be its minimal
polynomial. Then f(0) € gN A — {0}. Now B/q is an integral domain that is algebraic
over a field A/p. Hence B/q is a field. O

Remark 1: The separable assumption is needed to ensure that B is finitely generated
over A. (Note that since B is integral over A, finitely generated and finite are the same.)
Without the separability assumption, it is possible that B is not finitely generated over A
(Borevich-Shafarevich [Number Theory| Ex.11 p.205). In general, an (integrally closed)
integral domain A with field of fraction K is Japanese if its integral closure B in any finite
extension L of K is finitely generated over A. Our argument proves that a Dedekind
domain whose fraction field is perfect is Japanese. It is not hard to prove that a complete
DVR is also Japanese.

Remark 2: For any o € L*, we define a pairing ( , ), : L x L — K by

(7,9)a = Trp x(axy/f'(8)).

The Gram matrix of the pairing ( , ); when expressed in the basis {1, 3,..., 3" '} has 1’s
on the antidiagonal and 0’s above the antidiagonal. In other words, there is an isometry
between the quadratic spaces (L, (, )1) and the split quadratic space (K", z'Agy) where
Ap is the n x n matrix with 1’s on the antidiagonal and 0’s everywhere else. Multiplication
by (3 defines a K-linear operator on L that is self-adjoint with respect to (, )i:

<6xay>1 = <$a6y>1 = <ZL‘,y>5-

Under the isometry L — K", we then have a self-adjoint operator 7" on K" with
characteristic polynomial f(z). This is very similar to the construction of the companion
matrix, but with the extra condition that it is self-adjoint. The splitness condition is
very important, as one recalls that for a positive definition quadratic form on R", the
characteristic polynomial of a self-adjoint operator splits over R.

It is not hard to check that any non-degenerate symmetric pairing on L for which -3 is
self-adjoint is of the form ( , ), for some a € L*. Clearly two such pairings are equivalent
over K if the o’s differ by a square in L*. Suppose now n is odd. In order for { , ),
to be equivalent to the split quadratic form of discriminant 1, we need Ny x(a) € K*2.
Hence, we have a bijection between SO(Ay)(K)-orbits of self-adjoint operators with
characteristic polynomial f(z) and the subset of (L*/L*?)y-; for which ( , ), is split.
The group (L*/L*?)y—; turns out to be isomorphic to H'(K, J[2]) where J[2] is the
2-torsion group scheme of the Jacobian of the hyperelliptic curve y* = f(z), assuming
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that A(f) # 0. One can then obtain a bijection between the 2-Selmer group of J and
“locally soluble” SO(A)(K)-orbits. Counting these orbits then give results on the average
sizes of the 2-Selmer groups of Jacobians of hyperelliptic curves.

We now collect some important properties of Dedekind domains A.

« For every nonzero prime ideal p, the localization A, is a DVR.

o If My C M, are A-modules such that M; A, = My A, for every prime ideal p, then
My = M. (This is true for any ring.)

o Every ideal I of A contains a finite product of nonzero prime ideals. This implies
that it is contained in only finitely many prime ideals. (This is true for any
Noetherian rings. Let I be maximal among all ideals that do not contain a product
of prime ideals. Then I can’t be prime. Let z,y € A — I with zy € I. Then
I DI+ (x)(I+ (y)) but both I + (z) and I 4 (y) contain a product of prime
ideals.)

We define p,(1) for any ideal I and any nonzero prime ideal p as the non-negative integer
such that
TA, = (pAp)“p(]).

Then we have the factorization

I = Hpﬂp(l)'
p

We define p,(a) for an element a € A as p,((a)) or equivalently as p,(a) inside the DVR
Ay. Applying this to the ideal pB and the Dedekind domain B, we get a factorization

pB — H qﬂﬂl(p)_
alp

We define the ramification degrees eq/, and the residue degrees fq/, by
Ca/p = Hq(P) and fapp =1[B/a: A/pl.

Let flp and Bq denote the completions of A, and B, with field of fractions K, and L,.
From the Chinese Remainder Theorem, we have

B/yB = I_IB/Cleq/p = HBq/qeq/qu = Héq/péq-
qlp qlp qlp

Taking dim 4, gives

n = dimAp(B (S Ap) = dimA/p B/pB = Zeq/Pfﬂl/P'
qlp

Applying Nakayama’s lemma to flp gives

qlp

For any Dedekind domain A and nonzero prime ideal p, we define the normalized
absolute value

lally = (Np) 7@ = #(As/(a))  where  Np = #(A/p).
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Then similar to the archimedean case, we have
INL/x(@)llp =TT lalls-
alp
Using the decomposiion L @k K, = HU”p L,, we have
NL/K HNLq/Kp )
alp

One can then check explicitly that

[Ny /a6, (@)llp = [lally-

Remark: We can give a more instrinsic proof of the formula [Ny, /k,(a)||, = ||al|q using
Haar measures mq on Ly and m, on K,. The normalized absolute value is defined so
that for any measurable set F,

mq(ak) = ||allgmqe(E).
Under the identification L, = K, Lafo] g K,-vector spaces and mg = m,[JLq ? , we also

have [ |
Ly K, [Lq: K]
my N aB) = ||Npy e, ()] - my o (B).

Let My denote the set of equivalence classes of absolute values of K, also known as
the set of “places”. We have defined the normalized absolute values ||.||, for each place
v € M. If v corresponds to a real embedding ¢ : K < R, then

llall, = lo(a)].

If v corresponds to a complex embedding ¢ : K < C, then

lallo = le(a)[*.

For the non-archimedean v, we have the associated DVR A, = {a € K: |a|, < 1} with
maximal ideal m, = {a € K: |a|, < 1} and the normalized m,-adic valuation ,, all of
which are independent on the choice of |.|,. We then define

l|all, = (#Av/mvyuv(a) = #A,/(a).
Example: For K = Q and a = +pi* -- -pkm e have

p=0i lally =1 for p # p.

lalloo = 1" -+ Py,
For K = F,(t) and some a(t) € F,[t], we have
llallxy = (pee™) =@,
Note that in both cases, we have the product formula:

IT lall. =1, for a € K*.

vEMK

||a’||00 = pdega7

Suppose now L/K is finite separable. For w € My and v € M, we write w | v if ||.||,
extends some absolute value equivalent to ||.||,. The normalizations were chosen so that

[T llalle = [INz/x(a)]]e-

w|v

Hence, we have the famous product formula for global fields.
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4 )
Theorem 3.0.6
Let K be a global field. Then for any a € K*,
II llall.=1.
vEMK
. J

Remark: It is a theorem of Artin-Whaples that the global fields are exactly those where
the absolute values can be normalized to satisfy the product formula.

§3.1 Dedekind-Kummer and Discriminant

Let A be a Dedekind domain with field of fraction K. Let L/K be a finite separable
extension and let B be the integral closure of A. On writing L = K(3) = Klz]|/(f(x))
for some monic irreducible f(x) € KJ[z], we see that for any prime ideal p of A, the
factorization pB = qf' ---q¢" can be read off from the factorization of f(x) over K,
as f(z) = fi(z)--- f.(z) where each fi(z) = g;(z)% in (A/p)[x] with g;(z) irreducible.
The theorem of Dedekind-Kummer allows us to read off the factorization of pB from
f(z) =gt - go directly.

4 N\
Theorem 3.1.1

(Dedekind-Kummer) Suppose that pB is coprime to the ideal {a € B: aB C A[S]}.
Suppose f(z) mod p factors as g;(x)* - - g,(x)* where g; € (A/p)[x| are distinct
irreducible polynomials. Then pB = q7* - - - q¢" for some prime ideals q,...,q, of B
with residue degree fq,/, = deg(g;). Moreover, lifting each g;(x) arbitrarily to some

hi(z) € Alz], we have q; = (p, hi(8)).
. J

Proof. The assumption that pB is coprime to {a € B: aB C A[f]} implies that

B/pB = A[f]/pAlB] = (A/p)[2]/(g1(2)" - - - g (2)™) =: R.

The key idea now is that the factorization of p in Ok can be read off from the ring-
theoretic properties of R. Namely, r is the number of maximal ideals of R. For any
maximal ideal m of R, the residue degree f; is [R/m : A/p]; and the ramification degree
e; is the smallest positive integer d such that m? = 0 in the localization R,,. The explicit
description of q; follows from the explicit description of the maximal ideals of R. O

Remark: When K = Q, the coprimeness condition is equivalent to p { [B : Z[f]].
Example 1: Consider the example Q(v/5)/Q. The ring of integers B = Z[%] with
the ring Z[/5] having index 2. We can then use the factorization of 22 — 5 mod p to
deduce the splitting of pB for p # 2. Using quadratic reciprocity, we know that for
p = 1,4 (mod 5), the ideal (p) = q1q2 splits; for p = 2,3 (mod 5), the ideal (p) stays
prime; for p = 5, the ideal pB ramifies as (v/5)%. For p = 2, we need to use the minimal
polynomial of (1 ++/5)/2, which is 22 — 2 — 1. We see that it is irreducible mod 2 and
so (2) stays prime.

Example 2: Consider the Dedekind field K = Q[z]/(f(x)) where f(z) = 2 —2*—2x—8.
It is easy to check that f(z) mod 3 is irreducible and so f(x) € Q|z] is irreducible. Mod
2, f(z) = 2*(x — 1). We see that the simple root 1 lifts to a root in Q,. From f(0) = —8
and f'(0) = —2, we see that 0 lifts to a root in Q9 that is congruent to 0 mod 4. Hence
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f(z) splits completely in Q. (Note that f(—2) = —16 and f'(—2) = 14, so —2 lifts
to a root in Qy that is congruent to —2 mod 8.) This means that the ideal (2) splits
completely as q1q2q3 in B. However, there does not exist a monic cubic polynomial g(x)
whose reduction mod 2 is a factor of 3 distinct linear polynomials in Fy[x]. Hence for
any S € B, we have 2 | [B : Z[f]]. In other words, B is not monogenic with a local
obstruction at 2. We also say the field K is not monogenic as its ring of integer is not
monogenic.

It is conjectured that for n > 3, 100% of number fields of degree n are not monogenic,
when ordered by the absolute value of the discriminant. When counting monogenic cubic
fields, we are essentially counting monic polynomials 2% + Az + B € Z[x] with absolute
discriminant | — 443 — 27B?| < X. We expect the answer to be on the order of X°/6,
but proving it is equivalent to counting elliptic curves ordered by discriminant, which is
unknown. By counting monic polynomials with squarefree discriminant, we produced
X1/2+1/» monogenic number fields of degree n and we expect this to be the correct order
of magnitude for them. By counting binary n-ic forms with squarefree discriminant, we
produced X2tV (=1) pnumber fields of degree n, which has a higher order of magnitude
that 1/2+ 1/n.

We know give the proper definition of the discriminant of a finite separable extension
L/K of global fields. We define first the ideal norm.

Let A be a Dedekind domain with field of fraction K. Let L be a finite dimensional
K-vector space and let M and N be two sub-A-lattices. In other words, they are sub-A-
modules locally free of rank dimy L. We first define their ideal index [M : N]4. If they
are free over A, then there is some K-linear isomorphism 7" : L. — L sending M to N
and we define [M : N4 = (detT'). In general, since the localizations A, are all PID, we
define [M : N4 to be the fractional ideal of A such that

[Mp : NP]AP = [M : N]AA;J'

Now if L/K is a finite separable extension with ring of integer B, we define the ideal
norm

NB/A([) = [B : I]A
It then follows from the definition that for any o € L™,
NB/A((IB) = NL/K(OZ)A

It is also easy to see that the ideal norm is multiplicative by checking it locally.

Lemma 3.1.2
If NCMand M/N=A/I} X ---x A/I,, as A-modules, then [M : N|y =11 --- I,

Proof. We work locally over A,. Fix bases for M, and N, and let T' € M,,»,,(A,) sending
M, to N,. Since A, is a PID, we have (from the Smith normal form) 7" = UDV where
U,V € GL,(Ap) and D is diagonal with entries 7%,... 7% where 7 is some fixed
uniformizer of A,. Then we have

M,/N, = A,/p™ x -+ x A,/p™
o~ Ap/pﬂp(fl) % Ap/p”b(lm)‘

Hence we see that dy +--- +d,, = pp(f1) + -+ + pp(L,). In other words, (det D)
(I Iy) Ay

O
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Corollary 3.1.3
We have Npa(q) = [B : qla = p/ar. As a consequence N 4(pB) = pllK). Recall
that the same is true for Nk, (q).

Proof. Follows immediately from B/q = (A/p)/a/» as A/p-vector spaces. O

Recall that we have a non-degenerate symmetric trace pairing on L. Suppose L = K(/3)
for some 8 € B. Let f(x) € Alz] be the minimal polynomial of 5 and let C' = A[f].

Then its dual )

1'(B)

CV={a€L: Tryk(ab) € A,Vbe C} = C.

Hence we have
[CY: Cla = (Nryx)(f(8))-

We saw last time that there are examples where B # C'. We define the different Dg /4
as the (fractional) ideal of B such that

Dpja = {a € L: Tryk(ab) € A,Vb € B} = B,
The (relative) discriminant of B over A is defined as the ideal norm of Dp/4:
DISC(L/K) = NB/A(DB/A) = [Bv . B]A
If B = C = A[f] is monogenic, then we have

Dea=(f(8) and  Disc(L/K) = (Nu(f'(5)).

Theorem 3.1.4

We have
Disc(L/K) = [ Disc(Lq/Kp).
q

We need to check that taking dual behaves well with respect to localization and
completion. Localization is straightfoward. Let S C A be multiplicatively closed. Then
for any s € S and any a € L,

Trp i (sa) = sTrp i (a).
Hence for any sub-A-module M of L, we have
(STM)Y = S7IMY.

Note that if T': M, — N, then its adjoint 7" : N, — M,/ where the adjoint is defined
with respect to the trace pairing:

(2, Ty) = Trp k(2(Ty)) = Trpx(T7z)y) = (T"z,y).

In terms of matrices, we have T* = Ay T* Ay, where Ay is a Gram matrix for the pairing,
so it has the same determinant as T'. Hence, we see that

[MZN]A: [NVZMV]A.
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In particular, when applied to M = B and N = C = A[f], we have
[Cv : C]A = [Bv : B]A[B : 0]124

Hence if Np /i (f'(8)) is squarefree, we see that B = A[3].

Completion also works as expected. Since A, is a PID, we can take an A,-basis
{ar,...,a,} for B, Let {wy,...,w,} be its dual basis in B/ = BY ® A,. Then
{ai,...,a,} is also an flp—basis for B® flp. Under the decomposition

Bo A, 2] By = [[ L 2 L @k Ky,
alp alp

the trace Trp/x decomposes as ©Trg, /r,. Hence, we have
A A A V A
BV<HBq) — BY @ A, = Spany {wi,...,w,} = (HBQ) ~ 15
qlp qlp qlp

In other words,
’DB/A:HCI““ — qanq:DBq/Ap'

Taking norms and applying Corollary ?? completes the proof of Theorem ?7. O

4 N
Corollary 3.1.5

Let K be a field with an absolute value |.|, and completion K,. Let K denote a
separable closure of K. Let L/K be a finite separable extension. Then the distinct
extensions |.|, of |.|, to L arise from embeddings o : L < K3 by pulling back the
unique extension of |.|, to K via 0. Two embeddings give the same valuations on

L if and only if they differ by some element in Gal(K3*/K,).
- J

Proof. An embedding L — K3 is given by sending 3 to a root of f(z) = g1(z) - - g-(x).
Galois permutes the roots of each g;. m

4 N\
Corollary 3.1.6

Let L/K be a finite separable extension of global fields. Then the unramified primes
are exactly the ones not dividing the discriminant. In particular, all but finitely
many primes are unramified; and L/K is everywhere unramified if and only if
Disc(L/K) = (1).

. J

When K = Q, we can take a Z-basis {ay,...,a,} for B. The determinant of the
matrix sending its dual basis to {a, ..., a5} is then det(Trz g(sa;)). Hence, we recover
the familiar

Disc(L/Q) = (det(Trr ol ))) = (det(oi(a;)))?

where oy, ..., 0, are all the embeddings of L into C. You might have seen the following
result from 441:
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4 )\
Theorem 3.1.7

Let K be a number field of degree n. Then every ideal class has a representative

I C Ok with |
Ni< ™ <4) /| Disc(K/Q)|.
n" \mw

[Disc(£/Q)] 2 (TZ; (2)2 = (Zj; G)n =1

unless n = 1. In other words, every nontrivial extension of QQ is ramified somewhere.
. 4

In particular,

he different behaves well in towers of extensions.

4 )
Proposition 3.1.8

Let M/L be a finite separable extension and let C' be the integral closure of A in M.
Then

Doja = Do/pDaya, Disc(M/K) = Disc(L/K)ME Ny, 4(Disc(M/L)).
\ J

Proof. Let I be any fractional ideal of C' (in M). Then

IcC Dg}B < Try(IC)C B
< DgyTrayr(l) C Dyjy
— TrL/K(DE;}AI) cA
< Dyl CDgjy
< I CDpaDgy-

The statement about the discriminants follow from N¢j4 = Npja o N¢/p, which follows
from the same statement for elements, or can be checked on prime ideals. O

Here is an interesting application of this formula. Let K = Q and let f(z) € Z[z] be an
irreducible polynomial with squarefree discriminant. Let M = Q[z]/(f(x)). Since A(f)
is squarefree, we have Disc(M/Q) = (A(f)) is squarefree. Hence if L is an intermediate
field with [M : L] > 1, then Disc(L/Q) = (1) and so L = Q. Alternatively, we will see
soon that the splitting field of an irreducible polynomial f(z) € Q[z] with squarefree
discriminant is an S,,-extension. Since 5,, has no proper subgroup that strictly contains
Sn—1, we also see that there are no intermediate fields in M/Q. Moreover, one can prove

that the extension F//Q(1/A(f)) is an everywhere unramified A,-extension.
Exercise: Prove that a transitive subgroup of S,, generated by transpositions is .S,,.

§3.2 Decomposition groups

Let L be a finite Galois extension of a number field K. We find some natural subgroups
of the Galois group G = Gal(L/K). One way to do this is to find something that G acts
on and then take the stabilizer subgroups. Fix some v € M and we consider the action
of G on the set {w € Mp: w | v} via

|gw = [o(a)|uw-
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The decomposition group of w is defined as
D, ={oc€G: ow=w}.

Any o € G defines an isometry from (L, |.|,.) to (L,|.|,) fixing K and thus extends
to a continuous isomorphism from L, to L, fixing K,. Since L/K is Galois, we have
L= K[z]/(f(x)) where f(x) is the minimal polynomial of some primitive element. Then
L, = K,[z]/(g(x)) for some irreducible factor g(z) of f(x) in K,[z]. Since f(z) splits in
L, we see that g(x) splits in L,,. Hence L,,/K, is Galois, as the splitting field of g(z).
The natural map D, — Gal(L,,/K,) is injective as L is a subfield of L,,.

Proposition 3.2.1

The map D,, — Gal(L,,/K,) defined above is an isomorphism and G acts transi-
tively on the set {w € M: w | v}.

Proof. This follows from a counting argument. Fix any wy | v and let S = {owq: o0 € G}.
Then #S =[G : D,]. For any 7 € G, we have 7D,7 ! = D,,, and so #D,, = #D,, for
any w € S. Thus, we have

#G =[G : Dyy|#Dw, = Z #D,, < Z[Lw K] < Z[Lw K] =[L: K] =#G.

weS wesS wlv

Hence S = {w € My: w | v} and #D,, = [L,, : K,] for all w | v. O

4 N
Corollary 3.2.2

In a finite Galois extension of global fields L/ K, for any fixed v € M, the ramification
behavior of each w | v are all the same. That is

€Lw/Ky * JLu/Ky - #{w € Mp: w | v} =[L: K.
~ J

Suppose now v corresponds to the prime ideal p and w | v corresponds to a prime ideal
q | p. Let k, and ¢, denote the corresponding residue fields. Then we have the inertia
subgroup I, and the exact sequence

1 — Iy — Dy — Gal({y/k,) — 1,
where #I; = eq, and Gal({,/k,) is cyclic of order f;/,. In terms of the ideals, we have

Dy = {oeG:a(q) = a},
I, = {o€Dy:0(b)=0b(modq), Vb e B}.

The main structure theorem for the fixed fields of I; and D, are as follows.

-
Theorem 3.2.3

Consider the fixed fields
KcCcLPrCLhhCL.

Let E be an intermediate field in L/K and let qg = q N E. Then:

(a) E C L' if and only if e,/ = 1;

L (b) E C L« if and only if eq,/p = fou/p = 1- )
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4 )\
Theorem 3.2.4

Let D, be the subgroup of G' generated by all D, over q | p and similarly for I,.
Consider the fixed fields
KcCcLP»cCcLhCL.

Let E be an intermediate field in L/K. Then:

(a) The decomposition field L”» and the inertia field L™ are Galois over K;

(b) E C L% if and only if p is unramified in E, i.e. e/, = 1 for every prime g of
E above p;

(c) E C L if and only if p splits completely in E, i.e. g, = fyp = 1 for every

prime q of E above p.
. J

Proof. The normality of I, and D, follow from the definitions:
7'DU,7'*1 = D, and TIqTil = Iq.

It is also easy to see that Theorem 7?7 follows immediately from Theorem 77.
We write Dy(L/FE) and I4(L/E) for the decomposition and inertia group of q for the
intermediate extension L/E. Then

Dy(L/E) = DyNGal(L/E)  and  I,(L/E) = I,N Gal(L/E).
Let F = L'. Then I,(L/F) = Gal(L/F) = I,. Now
I,(L/E) =Gal(L/E)NGal(L/F) = Gal(L/EF) = I,(L/EF).

Hence we have eq/q, = €q/qpr- Now

ECF <= Gal(L/EF) = Gal(L/F) <= I,(L/EF) = I;(L/F) <= €q/qpr = €q/ar <= Ca/an

which is equivalent to eq,/, = €q,/p = 1. The second follows with the same argument
with all the I, replaced by Dy and e,/ replaced by eq/. fq/«- O

We consider some consequences of the main structure theorem.

4 N
Corollary 3.2.5

Let L/K be a finite Galois extension of global fields. Let H be the subgroup of
Gal(L/K) generated by all the inertia subgrousp I,. Then L¥ /K is everywhere
unramified. In particular, if K = Q, then the Galois group Gal(L/Q) is generated

by inertia.
. J

Using the decomposition and inertia fields L?» and L%, we see that:

4 )
Corollary 3.2.6

Let L;/K and L,/ K be finite separable extensions of global fields. Let p be a prime
of K.

e p is unramified in L; and Ly if and only if it is unramified in Lq Lo

o p splits completely in L; and Ly if and only if it splits completely in Lq Ls.
J

= €q/qp
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4 )
Corollary 3.2.7

Let E/K be a finite separable extension of global fields with Galois closure L/K.
Let p be a prime of K.

e p is unramified in F if and only if it is unramified in L.

o p splits completely in F if and only if it splits completely in L.

J

Example: Suppose f(z) € Q[z] is irreducible of degree n with squarefree discriminant.
For example f(z) = z° —x — 1 with A(f) =19-151. Let L denote the splitting field of
f(z). Let p be a prime dividing A(f). Then we can factor f(x) as gi(x)--- g.—1(x)h(zx)
into irreducibles in Q,[z], where each g;(x) € F,[z] is irreducible and h(z) = (z — a)?
for some a € [F,. For any prime q | p, we see that Ly = Qp(cv, ..., a2, 5,7) where
Qi, ..., 0, o are the roots of g(z)---g,_1(z) in Q, and B and 7 are the roots of h(z).
Since Q, (a1, . . ., an—2)/Q, is unramified, we see that any element of the inertia subgroup
I, acts trivially on ay,...,a,—2 and so can only swap 8 and 7. In other words, I,
is generated by a transposition. Since any transitive subgroup of S, generated by
transpositions is S, we see that Gal(L/Q) = 5,.

We can also compute the discriminant of L/Q. Any prime p t A(f) is unramified in
Q[z]/(f(x)) and so also is unramified in its Galois closure and so does not contribute to
the discriminant. Suppose p | A(f). Let qy,...,q, be the primes above it in L. Then we
know that they all have ramification degree e = 2, and some common residue degree f,
with 2rf, = nl. Recalling that the discriminant is 0 or 1 mod 4, we see that if A(f) is
squarefree, then 2+ A(f). Hence we may assume p # 2 and so the ramification is tame.
Hence

Disc,(L/Q) = pr(e—l) — = 2,
i=1
Multiplying over all p | A(f) gives
(Disc(L/Q)) = (A(f)"™?).

Consider now the quadratic subextension F' = Q(1/A(f)). Since A(f) =1 (mod 4), we
see that (Disc(F/Q)) = (A(f)). Using the formula

Disc(L/Q) = Disc(F/Q)" I Ngq(Disc(L/F)),

we find that Disc(L/F) = (1). In other words, L/F is an everywhere unramified
A,-extension.
Example: We consider a more explicit example. Let f(x) = 2%+ 2+ 1 with A(f) = —31.

L

/
E E = Qul/@®*+z+1) Op=2Z[f

X F F = Q=31 0F=Z[”2 Ly

There are four different cases for the splitting of p in E: p = 31 the only ramified prime;
p splits completely; p splits as p;p, where f, ,, = 1 and f,,, = 2; p stays inert. We
describe the splitting of p in E, F, L in all these cases.
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o The ramified prime p = 31. We have 2 + 2+ 1 = (z — 3)(z — 14)? in F3[z]. So we
have
3105 = (31,8 - 3)(31,8 —14)*>  and  310p = (vV/-31)%.

In L, we see that 2 | e and r > 2. Hence we must have e =2, f =1 and r = 3. So

(31,8 —3)0Op = m] and (31,8 — 14)0Or, = mim{ and V=310, = mym,m’

o Suppose p splits completely in E. Then it splits completely in L and also in F'. We

have
/A /A

pOE = p1p1p] and  pOp = quq}

P Op = mg >m§2> and PO = m&g)mg ) and p3Op = m§5)m§6)

10, =my )m§5)mg ) and 0201 = my )mg )mg )

We note that there exists an element of order 2 in Gal(L/Q) sending mi to m{?.
Hence they can’t both lie over the same prime ideal in Op, which is fixed by the
C5 subgroup of S3. Since the prime splits in F', we see that —31 is a square mod p.

In fact, Kronecker proved that these are precisely the primes such that p # 31 and
1
Ju,v € Z,p = u® +uv + Sv* = 1((2u +v)% + 3107).

In other words, in this case, there exists an element o € O with norm p. So the
ideals q; = («) and q} = (@) are principal.

o Suppose p splits as p1ps in £. Then we have 2 | f and r > 2. Hence, we must have
e=1,f=2r=3. So
pOg = p1p2 and P10 =my and P20 = mym;
pOr = (s and 201 = momymy.

This is the case where p stays inert in Q(y/—31). In other words, —31 is not a
square mod p.

e Suppose p stays inert in E. Then it can’t stay inert in L, because Cj is not a
subgroup of S3. So

pOE = P3 and pg(’)L = mgmé
pOr = q1q; and 010 = m3 and 420 = mj.
These are all the primes such that
Ju,v € Z,p = 2u* + uv + 40°.

For example when p = 2, which is too small for there to be element of O of norm
2. So the two prime ideals q; and g} are non-principal. They are distinct and are
inverses of each other in the class group. So they generate a subgroup of order
3. In fact, the class group of Q(v/—31) is isomorphic to C5 with representatives
{(1), 91,9} }. We note that these are exactly the prime ideals of O that don’t split
completely in L.

We observe also that the extension L/F is everywhere unramified with Galois group also
Cs. It is a consequence of global class field theory that any number field K admist a
Hilbert class field H(K), which is the maximal abelian unramified extension of K. There
is a canonical isomorphism

Cl(K) — Gal(H(K)/K).

As explored above, this map should encode information about whether the prime ideal
splits completely in H(K)...
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§3.3 Frobenius and Chebotarev density theorem

Suppose now the prime ideal p is unramified. Let q | p be a prime ideal in Op. Then the
inertia subgroup I, is trivial and

Dy = Gal(ly/ky) = Z] [l : ky)Z.

We then have the Frobenius element (q, L/K) as the element in D, that maps to the
map z — P in Gal(¢,/ky,). Its order is the residue degree [, : k,] and Dy = ((q, L/K)).
For any 7 € GG, we have

(ra, L/K) = 7(q, L/K)7 "

Indeed, for any o € Oy,
(9, L/K)m () =7 ()™ (mod q)

and so
(9, L/K)t ! (a) = alvp (mod 7q).

We write (p, L/K) for the conjugacy class of G containing any (q,L/K). When G is
abelian, (p, L/K) is also written for the element inside this conjugacy class of size 1.

Suppose now L/K is the splitting field of some f(z) € Alz]. Since p is unramified, we
can factor

f(x) mod p = gi(z) - gr(x) € kyx]

into irreducibles. Since the map z — 2™ acts cyclicly on the roots of any irreducible
polynomial in k,[z], we see that

(q7 L/K) = (deg(gl)—cycle) e (deg(gr)_cy(:le) € Sroots of f(x)-

Example: Consider the splitting field L of 2* + 2+ 1 over Q, with F = Q[z]/(z3 +z +1).
Write S3 = {1,0,b% a,ab, ab®}.

o If p splits completely in Og, then
(p, L/Q) = ()(1)(1) = {1}.

o If pOp = p1pa, then
(p, L/Q) = (1)(2) = {a, ab, ab®}.

o If pOg = p3, then
(b, L/Q) = (3) = {b,0"}.

Example: Consider f(z) = 2 —z—1. Then mod 2, we have f(z) = (z?+x+1)(z*+2%+1)
and mod 3 it is irreducible. So the Galois group of f contains a 5-cycle and a (2, 3)-cycle.
It then must contain a transposition and so is the entire Ss5. (Recall that if p is a
prime, then S, is generated by a p-cycle and any transposition.) Note also that f(z) is
irreducible mod 5 since it is of the form a? — x + a.

We now list some nice properties of (q, L/K).

o The prime p splits completely in L if and only if f;,, = 1 if and only if (q, L/K) =1
if and only if (p, L/K) = 1.
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o If F is an intermediate field that is Galois over K, then
(qE’E/K) = (q7L/K)|E and (q,L/E) = (q,L/K)qu/p.

Hence p splits completely in F if and only if (p, L/K)|g = 1 if and only if (p, L/K) €
Gal(L/FE).

o If £ is an intermediate field that is not necessarily Galois over K, then we saw
before that f;,/, = 1if and only if E C LPs. Since D, is generated by (q, L/K),
we have

Jfawp =1 <= (q,L/K) € Gal(L/E).

Chebotarev’s density theorem states that every possible splitting behavior hap-
pen:

4 N\
Theorem 3.3.1

Let K be a number field and let L/K be a finite Galois extension with Galois group
G. Then for any conjugacy class C' of G,

i TP (0, L/K) =C Np < X} #C
L X 00 #{p: Np < X} #G' )

Example: Applying to the example of 23 + z + 1, we see that 1/6 of primes split
completely in Og; 1/2 of the primes splits into p1ps (we already know this as primes
where —31 is a quadratic residue); 1/3 of the primes stay inert. Note that the average
number of roots mod p as p varies is then

1 1 1

- 3+=--14+4--0=1

6 2 3
Kronecker proved in 1880 that for an irreducible polynomial in Z[x], the average number
of roots of f(x) mod p as p varies is 1. In light of the Chebotarev density theorem,
this is a consequence of Burnside’s fixed point formula: for a group G = Gal(f) acting
transitively on the set of roots of f(z), we have

Z #a: o(a) =a} =G|

ceG

If we take the polynomial f(z) = 23— 3z +1, then things are different. Its discriminant
is 81 and so its Galois group is Z/3Z. It turns out that for p # 3, f(z) splits completely if
p = +1 (mod 9) and has no roots otherwise by relating f(z+x~!) with ®y(z) = 2°+23+1.
Kronecker-Weber says that every abelian extension is contained in some cyclotomic
extension, and in light of this splitting result, we expect that K = Q[z]/(f(z)) C Q((o).
In fact, we have the factorization

2’ =3+ 1=(z—(lo+ &GN — (G +&GNE— (G +GY)

The Frobenius element (p, Q((o)/Q) for p # 3 is given by (g > ({. Tt is then clear that
(p, Q(¢y)/Q) acts trivially on the roots (o + (5 *, (2 + G %, ¢4 + (o * if and only if p = +1
(mod 9).

We note in the above example that for a density 1/6 + 1/2 primes p, there exists a
degree 1 prime p | p in K (that is, a prime p | p with f,/, = 1). We can give a general
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formula for this density. Given a finite extension L/K of number fields, let Py (L/K)
denote the set of primes p of K that is unramified in L and is divisible by some prime ¢
in L with f;, = 1. Let Spl(L/K’) denote the set of unramified primes of K that splits
completely in L. When L/K is Galois, P;(L/K) = Spl(L/K). When L = K|z]|/(f(x))
for some irreducible f(z) € A[x] with roots a4, ..., a, in the Galois closure M/K, we
see that

pe P(L/K) < (p,M/K)(«;)=q; for somei=1,... n.

Let H be the (proper) subgroup of G = Gal(M/K) consisting of automorphisms fixing
«1. Then
peP(L/K) < (p,M/K)C |JrHr"
TeG
The above union is a union of at most [G : H] conjugates of H all containing 1, and so is
a proper subset of G. This proves that the density of P,(L/K) is strictly between 0 and
1.

Example: Applying this result to the example of H = {1,a} and G = S5 = {1,b,b?, a, ab, ab*},
we find the union of the conjugates of H is {1, a, ab,ab*} which is 2/3 = 1/6 + 1/2 of the
size of G.

Corollary 3.3.2

Suppose f € Og|z] is an irreducible polynomial. Then for a set, of density strictly
between 0 and 1, of primes p, there exist o € Ok such that f(a) =0 (mod p).

Proof. Let L = K|x]/(f(x)). By Theorem ??, apart from finitely many primes that
divide the discriminant of f(z), we know that p € P;(L/K) if and only if f(z) has a
linear factor mod p. [l

Theorem 3.3.3

(Bauer) Suppose E/K and L/K are finite extensions of number fields and that
L/K is Galois. Suppose that there exists a set S of primes of density 0 such that
P(E/K)\S C Spl(L/K)\S. Then L C E.

Proof. Let M be the Galois closure of LE over K. It suffices to show that Gal(M/FE) C
Gal(M/L). Take any o € Gal(M/FE). By the Chebotarev density theorem, there exists
an unramified prime p ¢ S and a prime q | p in M such that (q, M/K) = o. From
(9, M/K) € Gal(M/FE), we see that p € P(E/K)\S. By assumption, we see that p
splits completely in L. Hence we also have o0 = (q, F/K) € Gal(M/L). O

In the case that both M/K and L/K are Galois, we obtain the following result, which
also has a simpler proof via the Chebotarev density theorem.

4 N\
Theorem 3.3.4

Suppose L/K and M /K are finite Galois extensions of number fields. Then
L =M < Spl(L/K) = Spl(M/K).

In other words, Galois extensions are “determined” by the set of primes that split
completely.
.

J
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Proof. Only the backwards direction is nontrivial. Suppose Spl(L/K) = Spl(M/K).
Consider the Galois extension LM /K. For any p € Spl(L/K) = Spl(M/K), we have

Hence p splits completely in LM and so Spl(LM/K) = Spl(L/K). This implies that
[LM : K| =[L: K] and so LM = L and similarly LM = M. ]

It is a result of global class field theory that for abelian extensions L/K, the splitting
behavior of primes is given by congruence conditions. We can be very explicit in the case

of Q.

§3.4 Cyclotomic extensions of Q and applications

We will now run our theory through Q(¢{,,)/Q and prove some interesting applications
along the way. The minimal polynomial of (,, over Q is the m-th cyclotomic polynomial

Cp(r) = [[ (z—Gp)
1<k<m
ged(k,m)=1

It is irreducible of degree [Q((n) @ Q] = ¢(m) and

Gal(Q(Gn)/Q) = (Z/mZ)* = [[(Z/p™Z)*,  where — m=][p"™.

plm plm
For any positive integer ¢,
(Z/p'Z)* = Ch-1p-1), if p is odd
1 ift=1

(Z)2'Z)¢ = Gy ift =2
CQ X CQt—Q if ¢ > 3.

The local extension Q,((r)/Q, is unramified if p { m. When p | m, we write m = p"»s
where p 1 s and we have

Qp(Cm) = Fp(Gprv) where F, = Qu(Gs)-

The decomposition group D, = D, and inertia group I, = I; for any prime q | p because
the extension is abelian, and it factors as

Dp = ] X Gal(F /Qp) (Z/pan) X Oos(p)

where o,(p) denotes the order of p mod s (see Theorem ?7). We note that for any prime
p' # p, the inertia group I, acts trivially on (m since Qp ((pnr )/Q, is unramified. Hence
the distinct inertia groups intersect trivially and we have

Gal(Q(¢m)/Q) = [] I,

plm
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Proposition 3.4.1

Suppose L/Q((,,) is a finite extension such that L/Q is abelian. Suppose for any
prime p | m and any prime q | p in L, we have L, = E,((,,) for some unramfied
extension F,/Q,; and that any prime p { m is unramified in L. Then L = Q((,).

Proof. The inertia groups I, for L are isomorphic to Gal(F,((mr)/Fy) = (Z/p™Z)* for
p | m where F, = E,((;) is unramified over Q,; and trivial for p { m. Since Gal(L/Q) is
generated by all the I,,, we have

[L:Q]=#Gal(L/Q) < [[ #(Z/p™Z)* = [Q(¢n) : Q-

plm

Hence L = Q((,,) since Q((,) C L. O

We are now ready to prove the global Kronecker-Weber theorem.

Theorem 3.4.2

Suppose K/Q is a finite abelian extension. Then K C Q((,,) for some positive
integer m.

Proof. For any prime p that ramifies in K, the local extension K,/Q, is abelian for any
prime p | p since its Galois group D, is a subgroup of the abelian group Gal(K/Q). By
local Kronecker-Weber (Theorem ?7?), there exists m, € N such that K, C Q,(¢n,). Let
m be the lem of all these m,,, so that K, C Q,((,,) for every prime p that ramifies in K.
We prove that K C Q((n)-

Let L = K-Q((n) = K((x) be the compositum. It is enough to prove that L = Q((y).
As a compositum of two abelian extensions of Q, we see that L/Q is abelian. Let p be
a prime dividing m and let q | p be a prime of L and let p = qN K. If p is ramified
in K, we have Ly = K,((n) = Qp((n). If p is unramified in K, then Ly = K,((n)
with K,/Q, unramified. For any prime p | m, let q be a prime of L above p. Then
Ly = Ky(Gn) = Qu(¢). For any prime p { m, it is unramified in K" and Q((,,) and so
also unramified in L. We are now done by Proposition 77. O

Remark: It is also easy to see that the global Kronecker-Weber implies the local
Kronecker-Weber. Indeed, given any finite abelian K’/Q,, we have K’ = Q,[z]/(f(z))
for some monic irreducible f(z) € Z,[z]. By Krasner’s Lemma, there exists g(z) € Z[x]
close enough to f(z) such that g is irreducible in Z,[z]| and Q,[z]/(f(x)) = Q,[x]/(g(x)).
Let K = Q[z]/(g9(x)). Then K ®g Q, = K'. Apply global Kronecker-Weber to fit K
inside some Q((,). Then K’ C Q,((,).

Next, we compute the discriminant Disc(Q((,,)/Q). It is enough to consider primes
p | m. Recall that Q,(¢y) = F,((mr) where F,/Q, is unramified of degree f = o4(p)
where s = m/p™. We have

Discy (Qy(Cm)/Qy) = Discy(Fy((ore ) [ Fy) = p?&™ =711
The prime p splits into 7 = ¢(m)/(¢(p™) f) primes p in Q((;). Combining them gives
Disc,(Q(¢n)/Q) = p¢(m)(up(m)fp%1)

where we have written p,(m) = n,. Multiplying over all p | m gives

Disc(Q((r)/Q) = ( I p¢<m><up<m>—,,il>)_

plm
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i N\
Proposition 3.4.3
The ring of integers of Q((y,) is Z[(,n]. As a result, for m > 3,
A(®(z)) = (—1)2m/2 [ pHmem=30),
plm
) 4

Proof. The sign of A(®,,(z)) can be obtained from how complex conjugation acts on
[1(¢¢, — ¢J,). More precisely, complex conjugation sends ¢’ to (™" and so negates every
term in the product. There are ¢p(m)(¢(m) — 1)/2 terms, but ¢(m) — 1 is always odd.

The conceptual reason for why Z[(,,] is the ring of integers is that locally, Z,[(y] is
the valuation ring of Q,((,,) for every prime. More rigorously, it suffices to prove that
for any nonzero prime ideal p of Z[(,,], p is principal in the localization Z|[(y] (), for this
would imply that Z[(,] ) is a DVR.

Let p be the rational prime that p lies over. Then p = (p, g((n)) for some g(x) € Z|x]
such that g € F,[z] is an irreducible factor of ®,,(x). Write m = p™s with p { s. Here
we allow n,, = 0. The idea now is that in the unramified case, p should generate p; while
in the ramified case, (,n» — 1 should generate p. Note that

G| () | 2™ —1= (2% —1)P" — g|az®—1.
Let h(x) € Z[x] such that gh = 2° — 1. Then there exists j(x) € Z[x] such that

z* — 1= g(x)h(z) + pj(z).

Setting * = (,,, and noting that m/s = p™, we see that

gp"” — 1= g(Cm)h(Cm) +p](<m) cp

If n, > 1, then recalling that @, (z + 1) is Eisenstein, we know that (,mp_1 | p in Z[(pns].
Hence it suffices to prove that (;re — 1| g(Gn) in Z[(n ). If n, = 0, then it suffices to
prove that p | g(¢m) in Z[Gn]p). It now suffices to prove that h(¢n) € Z[Gnl (-

Since gh = 2° — 1 and z° — 1 has no repeated factors mod p, we see that g and h are
coprime in F,[z]. Hence there exist a,b, ¢ € Z[x] such that

a(x)g(x) + b(x)h(x) = 1+ pe(x).
Setting x = (, gives b(Gm)h(Gn) € 1+ p and so h(Cn) € Z[Gm) (- O

We now consider the Frobenius element (p, Q((,)/Q) with p f m. Recall the isomor-
phism (Z/mZ)* — Gal(Q(()/Q) sends a mod m to the automorphism o, that sends
Cm to (2. So we have

(P, Q(¢m/Q)) = 0.

Chebotarev density theorem says that for any ged(a, m) = 1, the density of primes p such

that (p, Q((n)/Q) = o, is 1/¢(m). The condition (p, Q((n)/Q) = o, is equivalent to
p = a (mod m) and we recover Dirichlet’s theorem on primes in arithmetic progressions.

If K is an intermediate extension in Q((,,)/Q, which by Kronecker-Weber includes all
finite abelian extensions of QQ, then

p splits completely in K <= o0, € Gal(Q(¢n)/K)
<= p=a (mod m) for some o, € Gal(Q((,)/K).
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In other words, these primes p are defined by congruence conditions. More generally, the
splitting behavior of p in K is determined by the cycle structure of (p, K/Q), which is
the image of 0, in the quotient Gal(K/Q) of Gal(Q((,)/Q). Hence it is determined by
congruence conditions mod m.

The converse is also true. Suppose K/Q is a finite Galois extension such that there
are ai,...,a.,m € N such that for all but a density 0 of primes p, the prime p splits
completely in K if and only if p = ay,...,a, (mod m). Then K C Q((,,) and so K/Q
is abelian. To prove this, we show that if p splits completely in Q((,,), then it splits
completely in K. Let M be the Galois closure of K.Q((,,) over Q. There is a positive
density of primes ¢ of Q that splits completely in M. These primes are 1 mod m since
they split completely in Q((,,) and also split completely in K. So one of the a; = 1 mod
m.

Suppose p is odd and also m = ¢ is an odd prime. Let K = Q(1/¢*) be the discriminant
subfield of Q(,) where ¢* = (—1)~1/2¢ differs from Disc(Q((,)/Q) by a square. Then
Gal(Q(¢,)/K) is the index 2 subgroup of C;_; consisting of squares. Hence

p splits completely in K <= o0, € {02: a € (Z/qZ)*}.

On the one hand, p splits completely in the quadratic field K if and only if ¢* is a square
mod p. On the other hand, o, = 02 for some a if and only if p is a square mod q. We
now have the law of quadratic reciprocity:

lgpg =1gq'p = (—1)P DD/ g gp,

We now consider another interesting application. We have seen that if f(z) € Z[x]
is irreducible, then for a positive proporition of primes p, there exists b € Z such that
p | f(b). Applying this to the polynomial 22 — a for example, we see that if a is a square
mod p for all but finitely many primes p, then a is a perfect square. What about other
values of n? For example, what about 2* — 4 and 2% — 9?7 Note that

¥ —16= (2 = 2)(2* + 2)((z — 1>+ D((z + 1)* + 1).

For any prime p, out of —1, 2 and —2, at least one of them is a square mod p. So 16 is
an 8-th power mod p for every prime p but it is not a perfect 8-th power. We prove that
this is essentially the only exception.

Theorem 3.4.4

Let a be a positive integer such that 2™ — a has a root mod p for all sufficiently large
prime p. Then either a = b" for some integer b or 8 | n and a = 2"/2b" for some
integer b.

The key lemma is:

Lemma 3.4.5

Let a be a positive integer such that 2™ — a has a root mod p for all sufficiently large
prime p. Then Q(/a) € Q((,). In particular, Q({/a) is Galois.

Note since Q((,) is abelian, it doesn’t matter which n-th root of a we take. We will
henceforth take the positive real n-th root as {/a since a € N.
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Proof. Let K = Q(/a, (,) be the splitting field of ™ — a. Then for all sufficiently large
prime p, the assumption that a is an n-th power mod p implies that

if ¢, € Fp, then 2" — a splits completely in F,[z].

The hypothesis ¢, € F, is equivalent to n | p — 1 which is equivalent to p splitting
completely in Q(¢,). The conclusion is equivalent to p splitting completely in K.
Therefore, we have K C Q((,). O

Applying this to z* — 4, we find that v/4 = /2 does not lie in Q(¢;) = Q(4). Applying
this to 2% — 9, we find that Q(+v/3) is not a subfield of Q((s). Note also that Q(+/3) is
real and so can’t contain (3 and is not Galois over Q. Applying this to 28 — 16, we find
that Q(v/2) does lie in Q(Cg). These three examples are essentially the full proof!

Lemma 3.4.6

For t > 3, every Q((2t) contains a unique real quadratic subfield, namely Q(\/i)
Moreover, Q(¢4) does not contain a real quadratic subfield

Proof. Suppose t > 3. Note that Gal(Q((at)/Q) = Cy x Cye—2 where the first Cy factor
is generated by complex conjugation o_; and the Cy-2 is generated by o5. Hence, there
is a unique subgroup of index 2 containing o_1. O]

Proof of Theorem ??: Let d be the largest divisor of n such that a = ¢? for some
positive integer c. In other words, d = ged(ged,, 11,(a), n). Then the real number ¢*/"
is an n-th root of a. So it is an algebraic integer and we have Q(c%/™) C Q(¢,). The
minimal polynomial f(x) of ¢¥™ is a divisor of 2™/¢ — c. Since all the roots of 29 — ¢
have absolute value ¢/™, we see that |f(0)| = cd8()4/" Hence a = |f(0)|"/4¢/). This
implies that n | deg(f)u,(a) for every prime p. Hence (n/gcd(n,deg(f))) | d. Since
deg(f) < n/d, this is only possible if deg(f) = n/d and so 2™ — ¢ is irreducible. Since
Q(¢,)/Q is abelian, we see that Q(c?™)/Q is Galois and so contains ¢, /4 as the splitting
field of the irreducible polynomial 2/¢ — c. Since Q(c%™) C R, we see that n/d = 1 or 2.
If n/d =1, then we are done.

Suppose now n/d = 2. Then a = ¢/? and ¢ € N is not a square. We already know
that a is a square (from for example Chebotarev applied to 22 — a). So 2 | d. Write
d = 2m so that n = 4m and a = ¢®™ = (¢™/?)*. Applying Lemma ?? to the real number
™2 gives Q(c™?) C Q(¢4) = Q(i). Hence ¢™? € Z. Since c is not a square, we have
2| m and so 8 | n. Now write n = 28/ for some k > 3 and odd integer /. We have

a =2 (Cz/2)2k'
Applying Lemma ?? again to the irrational real number ¢*/2 gives Q(c*?) C Q((or).
Hence, we have Q( /c) = Q(v/2). So ¢ = 2b* for some positive integer b and a = 2/2p".



4 (Local) Class Field Theory via
Lubin-Tate Theory

§4.1 Main theorems of (Local) Class Field Theory

For the remainder of the semester, we will focus on Local class field theory. In this
section, we will discuss the norm groups and give the statement of the main theorems.

Throughout, K is a non-archimedean local field with absolute value |.|, valuation ring
A, group of units Uk and residue field k = F, with characteristic p. We start with the
unramified case.

Proposition 4.1.1

Let L/K be a finite unramified extension of K of degree n. Then the norm map
Nk : Uy — Uk is surjective.

Proof. Let ¢ denote the residue field of L. We have a filtration on Ui and Uy via
Up =1+7%Aand Uy =14 77O, where mx and 7, are uniformizers of K and L. The
norm map descends to the quotients UP /U™ — UR /UL as follows:

o If n =0, then Ny gk is the norm map Ny, : £* — k* for finite fields;
o Ifn>1, then Ny is the trace map Try, : £ — k for finite fields;

via the identification Gal(L/K) = Gal({/k). These maps on the residue fields are all
surjective. Hence we are done by completeness. O]

4 )
Corollary 4.1.2

Let L/K be a finite unramified extension of K of degree n. Then
Npx(L*) = Uk x 7p2.

Let Froby/x € Gal(L/K) denote the Frobenius map that reduces to x — 27 on the
residue field. Then there is a group isomorphism

K*/Npk(L*) = Z/nZ = Gal(L/K)

sending a uniformizer of K to Froby k.
. J

Proof. This follows because Ny /x(Ur) = Ug and p(Np k(7)) = n. O

Note that in general, we have u(Ny k(7)) = fr/x- So the norm group Ny k(L)
contains a uniformizer of K if and only if L/K is totally ramified.

Let K2 denote the maximal abelian extension of K (in some algebraic closure). The
main theorem of local class field theory is:

74
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-
Theorem 4.1.3

There exists a unique homomorphism
ox : K* — Gal(K*/K)
such that:

1. for any uniformizer 7 of K and any finite unramified extension L/ K, ¢y (7). =
Frob L/K;

2. for any finite abelian extension L/K, ¢k induces an isomorphism

¢k K* /Ny j(L*) — Gal(L/K).
N J

In particular,
#K* /Ny k(L") =[L: K].

The maps ¢, ¢r/x are called the local reciprocity maps or local Artin maps. Some
other common notations are

¢r/Kx(a) =recy k(a) = (a, L/K) =1g L/ Ka.

We will write N(L*) for Nk (L*). These are the norm groups in K* (where L/K
is a finite abelian extension). Abelian extensions of K are determined by their norm
groups.

4 N
Corollary 4.1.4

The map L — N(L*) defines an inclusion-reversing bijection between finite abelian
extensions of K and norm groups in K* with

N((L1Lp)") = N(LY) O N(L3),  N((L1NLy)*) = N(L{) - N(L3).

Moreover, every subgroup of K* containing a norm group is a norm group.
. J

Proof. Transitivity of norms implies that the map L — N(L*) is inclusion-reversing
(note this does not need Theorem ??). Now Theorem ?? implies that a € N(L*) if and
only if ¢ (a)|, = 1. This proves the result on N((L1L2)*). Now if N(L3) D N(LY),
then N((L1L2)*) = N(L{) N N(Ly) = N(L7) and so [L1Ly : K] = [Ly : K], which
implies that Ly C Ly. Therefore, the map L — N(L*) is bijective.

Suppose N is a subgroup of K* containing N(L*). Then ¢/x(N) is a subgroup
of Gal(L/K), with fixed field E. Then a € N if and only if ¢r/x(a)|z = 1. Hence
N = N(E*). Finally, Ly N Ly is contained in L; and Lo and so N((L; N Ly)*) D
N(L{) - N(L3). Conversely, N(L;) - N(Ly) = N(E*) for some E contained in L; and
Ly. So E is contained in Ly N Ly and N(E*) D N((Ly N Ly)*). Therefore, we have
equality. O

Proposition 4.1.5
Let L be a finite abelian extension of K. Then N(L*) is an open subgroup of K*.




76 Sachin Kumar

Proof. Note that a closed subgroup of finite index is open, since its complement is a
finite union of cosets, each of which is closed. Note also that the norm map is continuous
because it is given by polynomials after choosing a K-basis for L. This is not enough
to conclude that N(L*) is closed, but it does imply that N,k (Uy) is closed since Uy, is
compact. Since Ny, x(Ur) = Ux N N(L*), we see that

UK/NL/K(UL) — KX/N(LX)

which is finite. Hence Ny x(Uy) is open in Uk, which is then open in K*. Finally any
subgroup containing an open neighborhood of 1 is automatically open (any a € N(L*)
is contained in the open set aNp x(Ur) C N(L*)). O

Remark: When K is characteristic 0, all finite index subgroups are open. They all
contain K<™ for some positive integer m and we saw before that every element sufficiently
close to 1 has an m-th root. When K has characteristic p, this is not true. For example
consider K = F,((t)). The first unit group Uk, = 1 + tIF,[[t]] is a Z,-module and one
observes that 1+ ¢™ for p{ m are all Z,-independent. In fact,

Ui = HZP.
N

Consider the quotient []yF,, which has a dense subset @yF,. The maximal ideal I of
[Iy F), containing @y I, has index p, since its residue field is ), as every element satisfies
x? = z. Note that I is not closed. Let U be the pre-image of I in Ug ;. Then U x t% is a
subgroup of K of finite index that is not closed.

The second main theorem in LCFT is the local existence theorem:

Theorem 4.1.6

The norm groups in K* are exactly the open subgroups of K* of finite index.

Remark: We remark that these results hold trivially when K = R and even more trivially
when K = C. The group R* has exactly two subgroups of finite index; R* = N¢/r(C*)
and R* = NR/R(RX).

Even though each ¢,/ is an isomorphism, the map ¢k is not an isomorphism. We
will get an isomorphism if we complete K* with respect to the norm topology, where the
norm groups (open subgroups of finite index) form a fundamental system of neighborhood
of 1. Let K* denote this completion. We then have an isomorphism

¢: K = Gal(K*/K).
From the fundamental system of open subgroups of finite index:
K* 2 Uk x 72Uk xZ D (14 p") x mZ,

we see that
K*x=2Ug X Z.

Now Uy and Z are closed subgroups and so are their images under ¢. By infinite Galois
theory, they correspond to subfields of K. Recall that the norm groups from unramified
extensions are of the form Uy x eZ. The subfield of K*" fixed by ¢(Ux) is the maximal
unramified extension K"". For each positive integer n, let K ,, denote the finite extension
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of K with norm group (1 + p") x Z. The union K, = U, K, is the subfield of K" fixed
by ¢(m). We have
K* = K™K,

Observe that ¢(m) is the element acting trivially on K and acting via the Frobenius on
K", The same is true for any other possible reciprocity map ¢’. In other words, any
two possible reciprocity maps have the same image on every uniformizer. This proves
uniqueness, assuming existence and Theorem ??7. We note also that Theorem 7?7 follows
from Corollary ?? and the following result.

Proposition 4.1.7

For any positive integers n, m. There is a finite abelian extension L/K whose norm
group is (1 + p") x 7™Z.

When K = Q, and m = p, the field K, is Q,((n), assuming LCFT and recalling that
we proved that the norm group of Q,((,») contains 1 + p"Z, in HW2. Note that Q,(¢,)
is generated by the roots of

FT)=(Q+T) —1=pT 4+ +T?
and we can view Q,((,n) as generated by the roots of
FOT) = f(C J(D) ) = T e TP = (LT — 1.

Now

K = Qp@p‘*’) = @Qp(Cp”)'

The isomorphism
Z, — Gal(Qp(Cpe)/Qp)

comes from the compatible system of isomorphisms

(Zp /D" Zp)* = (Z/p"Z)" = Gal(Qp(Gpn) /Qp).

When attempting to generalize this to an arbitrary K and m, the key difficulty is the
isomorphisms

Lp|p" Ly = L|p"L = () EH{a € Qp: f(n)(a) =0}

where the last map is given by v — u—1. The induced group structure on the set of roots
of £ can be extended to the set A = {a € Q,: |a| < 1} viaz+;y = (1+2)(1+y)—1 =
7+ y + 2y. The action of Z, on the set of roots of ™) can also be extended to A via

[a)(z) = (1 +2)" — 1= i a(@_l)"‘(a—m—l-l)xm‘

|
me1 m:

We note that [p|(T") = f(T).

To generalize this to an arbitrary K and =, it seems natural to take f(7) = nT + T1.
Here 7 is needed to make f/T Eisenstein; and ¢ is needed to have the correct degree.
Then we need a group law on A = {a € K : |a| < 1} and an A-module structure so that
[7)(T) = f(T). To do this, we need the theory of formal group laws.
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§4.2 Lubin-Tate formal groups

Let A be a commutative ring. We can add and multiply power series with coefficients in A
inside the ring A[[T]]. We can also compose two power series f and g if g € TA[[T]]. We
write fog(T) = f(g(T)). Similarly, if f € A[[T\,...,Tn)] and g1, ..., gm € A[[S1,- .., Sull,
then we can compose them to get f(g1,...,gmn) if the constant terms in ¢y, ..., g, are

all 0.

A (one parameter commutative) formal group law is a power series F' € A[[X, Y]]
such that:

(a) F(Y,X)=F(X,)Y);
(b) F(X,0) = X;
(¢) F(X,F(Y,2)) = F(F(X,Y), Z).
Note that (a) and (b) imply that F is of the form

FX,Y)=X+Y+ > a; X'V
ij>1
It is then easy to prove that there exist ip(X) = — X +3.5°, a; X" such that F'(X,ip(X)) =
0.

Given two formal group laws F,G € A[[X,Y]], a homomorphism f: F — G is a
power series f € T A[[T]] such that

(X, Y)) = G(f(X), f(Y))-

Lemma 4.2.1

Let f € TA[[T]]. Then there exists g € TA[[T]] with f o g = T if and only if
f € T(A[[T]])*. In this case, g is unique and go f = T. We write g = f(-1.

Proof. The first statement and the uniqueness of g follow by writing out the coefficients.
To prove g o f =T, we note the associativity of composition:

fo(goh)=(fog)oh

which follows because f o ¢ is linear in f and T" o g = ¢". Suppose now f o g =T. Then
g € T(A[[T]])* as well and there exists h € T'A[[T]] such that go h = T. Associativity
then gives f = h. n

When (1 exists for a homomorphism f : F — G, we see that (=1 is a homomorphism
G — F and we say f is an isomorphism.

The following result will be proved in HW5. We won’t use it here, but it is quite useful
when studying elliptic curves over local fields.

Theorem 4.2.2

When A has characteristic 0, all formal group laws are isomorphic to the formal
additive group G, with F(X,Y) = X +Y over A ®; Q.
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When A is complete with respect to a non-archmedean absolute value |.|, let m = {a €
A:Ja] < 1}. Then a formal group law F defines an abelian group structure on m via

r+rpy=F(z,y), —rr =ip(x).
and a homomorphism A : F' — G defines a group homomorphism
z— h(z): (m,+r) = (M, +¢).

The usual group structure on m is given by G,. The pullback of the multiplicative group
structure on 1 4+ m via the map @ — 1+ x is the group structure on m given by the
multiplicative formal group G,, with F(X,Y) = X +Y + XY =(14+ X)(1+Y) — 1,
which admits the polynomial f(7") = (1 +T)? — 1 as an endomorphism as

F(f(T), f(5)) = A+ T)P(1+ 5)" =1 = f(F(T), F(5)).

The ring A[[T]] itself is complete with respect to the T-adic absolute value. Hence
given f,g € TA[[T]] and a formal group law G, we can define

fH+ag=G(f(T),9(T)), —cf =ic(f)

Proposition 4.2.3

For any formal group laws F' and G, the set Hom(F', G) of homomorphisms becomes an
abelian group with +¢. When F' = G, the endomorphism group End(F') = Hom(F, F)
with +5 is a (non-commutative) ring with f o g.

Proof “by elimination”: What else could it be? O

We return to the situation of non-archimedean local field K, valuation ring A, and
residue field F,. Fix a uniformizer 7. Let F, C A[[T]] consist of all f such that

f(T)=7T (mod T?) and f(T)y=T* (mod 7).

For example 77"+ 177 € F, in general, and (1+7)? —1 € F, in Q,.

Theorem 4.2.4

There is a unique formal group law F; admitting f as an endomorphism.

This is the Lubin-Tate formal group of f. To prove its existence, note that we are looking
for a power series I’ = X +Y +higher order term such that F(f(X), f(Y)) = f(F(X,Y)).

But wait! Using the time stone, we foresee a future where we need to work with
unramified extensions of K. So let’s do it right! Let E/K be a complete unramified
extension of K with valuation ring Ag. One can take E to be a finite unramified extension
of K or the completion of K". Let o denote the Frobenius of K extended to E. In
other words, o (topologically if E = K") generates Gal(£/K). For any uniformizer w
of B, define F,, C Ag|[T]] to consist of all f such that

f(T)=wT (mod T%) and f(T)=T7 (mod w).

We note that we are still using the size of the residue field of K for ¢, and not that of
E. We aim to find a formal group law Fy € Ag[[X, Y]] such that f € Hom(Fy, F7). We
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claim that it is enough to prove that for any m € N, the existence and uniqueness of
some F' € Ag[[X1,..., Xn]] such that

F(X1,. .. X)) = X144 Xm+--- and  FOf(XD), ..., f(X)) = f(F(X1,. .., X))

The existence of (??) for m = 2 gives F}.
e Set Go(X,Y) =Fp(Y,X)=X+Y +---. Then
G3(f(X), f(Y) = F7(f(Y), f(X)) = F(F;(Y, X)) = f(Ga(X,Y)).

Hence, the uniqueness of (?7) when m = 2 implies that F;(X,Y) = Fy(Y, X).

e Set G1(X) = F§(X,0) = X +---. Then
GY(f(X)) = F7(f(X), F(0)) = F(F(X,0)) = f(G1(X))-

Since the same is true for X, we have F(X,0) = X using (??) with m = 1.
e Set G3(X,Y, Z) = Fy(X, F4(Y,Z)). Then

GS(f(X), f(Y), [(2)) = F7(f(X), F7 (f(Y), f(2))) = [(Fs(X, Fy(Y, Z)) = f(G(X,Y, Z)).

The same is true for H3(X,Y, Z) = Fy(F¢(X,Y), Z). Hence (?7?) with m = 3 gives
Fy(X, Fy(Y, Z)) = Fy(F(X,Y), Z).

We now state and prove a more general version of (??). It is not important that we
have the same f on both sides, or that the linear coefficients of F' are all 1. We consider
any f € F, and any g € F,. Suppose FI(X1,..., X)) =a1 Xy + -+ anXy,+---. Then
the linear coefficients of F' o f are af - m while the linear coefficients of g o F' are w - a;.
Hence we need each a; to belong to

AL ={a€ Ap: a’Ja=uw/n}.

Note that when m = w, this is just A.

4 N
Proposition 4.2.5

Let E/K be a complete unramified extension with uniformizers m,w. Let f € F,
and g € F, and let ay, ..., a, € AL . Then there exists a unique F(X1,...,Xn) €
Ag[[X, ..., Xu]] such that

(a) F=a1 X1+ +anX,, (mod (Xi,...,X,)%)

(b) g(F (X1, ..., X)) = FO(f(X1), .., [(Xm))
\. J

Proof. Just do the only thing possible and it works. We write go F and F'? o f to simplify
notation. Let I = (X,..., X,,). We prove by the induction the existence and uniqueness
of F, satisfying (a) and (b) mod I"™'. When r =1, F} = a; X, + -+ + apn X, is clearly
the unique choice since afm = wa; for all 7. Suppose we are now given F,. We prove the
uniqueness and existence of a homogeneous polynomial h(X7, ..., X,,) € Ap[Xy,..., X}]
of degree r + 1 such that g o (F, + h) = (F, + h)? o f mod I""2. We have

go(F,+h) = goF, +wh (mod I"?)
(F,+h)of = Fof+x""h? (mod I""?)
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since f,g = 7T, wT (mod T?). Since f,g = T7 (mod 7), we have
goF, —F’of=F.(X1,....,Xn)"—F/(X{,...,X2)=01in (Ag/(7))[X1, ..., Xl

Fix any monomial of degree r + 1. Its coefficient in g o F; — F7 o f is of the form 7/ for
some 3 € Ag. Hence its coefficient « in h should satisfy

e’ —wa = —wp.
Let v =783/w € Ag and z = 7" Jw € (7). Then
a=v+z20" =v+2° +22°0° = =v+ 2" + 22707 + 2272707 +---

has a unique limit in Ag since each 27" € (7). O

As a consequence, we have our desired formal group law Fj.

\

Theorem 4.2.6

Let E/K be a complete unramified extension with uniformizer 7. For any f € F,

there exists a unique formal group law Fy € Ag[[X, Y]] such that f € Hom(Fy, F7).
J

4 )
Corollary 4.2.7

For any f € Fyr, g € F, and a € AE | there is a unique [a];, € Ag[[T]] such that

la]4(T) =aT (mod T2, golalsy = [a]?g of.

Moreover, [a];, € Hom(F}, F,) and [1];(T) = T. For any b € AZ | we have

[a+ by = [alyg +r, [] 1.6
For any b € AL, and any h € F,, we have
[ab].n = [blgn © [a]1g-
In particular, Fy = F, over Ap if Aﬁ o, N AL is nonempty. When 7 = w, this is always

true. In general, this is true over B.
. J

Proof. We need to prove
[alyg0 Fy = Fyolaly.
Both have linear terms aX + aY and
golalggo Fy=1lalf, o foFy=([a]sg0 Ff)7of,

goFyolapy=Flogolals,=(Fyolalye)o f.
Therefore, they are equal by Proposition ??. The rest follows similarly. O]

Corollary 4.2.8
For any f € Fr, g € F, and a € AL, we have

Ffa = F; and [a]?’g = [a/o—]fa’ga.
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Corollary 4.2.9
For any f € F;, there is an injective ring homomorphism A < End(F;) sending a
to [a]y = [a] 1z

Example: Suppose f € F,. Then f? € F,- and by definition 7 € Afﬁ .o and we have
[lgge: Fr = Fpo = F7 and (7)o = 7T (mod T?).

Then we see that [r]f o = f. This suggests that instead of considering f o f, we should
consider

foof= [ﬂ-a]fa,fUQ o [mspe = [Wﬂg]f,fﬂ-
In general, we define for any positive integer n,

ot o o o1
fa=[f7" o offof=[rn7 77 |ppon.

Recall that when f(7') = (14 T')? — 1 and we are working over Q,, this f,,(7") is simply
(1+T)P" —1.

§4.3 The Lubin-Tate extension K'

Let E* denote a separable closure of E and let A = {a € E*: |a| < 1}. Suppose 7 is a
uniformizer of F and f € F,. Note that A is not complete, but any two «, 5 € A belong
to some finite extension L/K, so the formal group law F; defines a group law +; on A
and the injection A — End(Fy) gives A an A-module structure. Define

AV = A[f.] = {a € A: fo(a) =0}, Erpn = E(AD).

4 N
Proposition 4.3.1

The set AY) is finite and is an A-submodule of (A, +). If 7 is a uniformizer of K,
then
AP = A[nl] = {a € A: [7](e) = 0}.

The field E(A)) is a finite extension of E, independent of the choice of f € F.

.

Proof. Since f,(T) = T9" (mod 7), we know that f, has at most ¢" roots in A by
Weierstrass preparation (over the completion of E): any power series is a product of a
unit and a polynomial; and a unit does not have any root in A.

Since f, € Hom(Fy, Fyon), we have

fn<Oé +s 6) = fn(a) + fon fn(ﬂ) =0

and so AY) is a subgroup of A. For any uniformizer w of F, and any g € F,, anda € A
we have

E

W)

f’go'" - [a,]fo'"’ga" o [ﬂ-ﬂ—o s 7T0-n71]f7fa" - [a,]fa"’gcrn 9 fn

n—1 w
d=auu’---u’ € AL o, and  u=—
’ m
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So [a]r4 sends the roots of f, to the roots of g,. Restricting to w = 7 and g = f and
a € A, we see that [a];; preserves AY). Hence, A}/ is a sub-A-module of A.

Since 7 and 777 - -- 7" have the same valuation, we can write 7 = 777 - - 7" v,
for some unit v, € Ag. Then [7§]ss = [vp]fon o 777 - - W””fl]ﬁfan. Since [vy,]on ; €
TAg[[T]]* is invertible, we see that A = A[ny].

Now suppose w = 7 and g € F,. Using a = 1, we get a bijection

[ : A = AP

defined by a power series in Ag[[T]]. To prove that they generate the same extension
over E, we need the following lemma.

4 )
Lemma 4.3.2
Let L/E be finite Galois and let 7 € Gal(L/E). Let h(T1,...,Ty) € Ag[[Th, ..., Tn]]-
Then for any ay, ..., a,, € L with absolute value less than 1, we have
h<7-(a1)a 0o c 7T(am)) = T<h<a17 000 ,Oém))-
. 4

Proof. For any t > 1, let hy(Th,...,T,,) be the polynomial formed from h(7T) by keeping
only the terms with degree at most t. Write o = (v, ..., a,,) Hence

h(7(@) = lim hy(r(a)) = lim 7(hy(a)) = 7(h(a)),
where the second equality follows from the conitnuity of 7, as it is metric-preserving. [

We can now complete the proof of Proposition ??. Let L = E(AY) AW). Then for
any 7 € Gal(L/FE) and any a € A,,, we have

[Urg(r()) = 7([114(c))-

Hence we see that 7 acts trivially on AY) if and only if it acts trivially on [1];,(A{)) = AW.
Therefore, E(AY)) = E(AY). O

4 N\
Theorem 4.3.3

Let 7 be a uniformizer of £ and let my be a uniformizer of K. The extension E, ,/E
is Galois and totally ramified of degree (¢ — 1)¢"~!. Its norm group contains o
Moreover, there is a compatible system of isomorphisms

(4/(7q)) = Gal(Ern/E).
On passing to the inverse limit, we have an isomorphism

Ux = A = Gal(E,/E).
. 4

Proof. By Proposition ??, we may fix f = 7T + T9. We prove first that E, ,/E is the
splitting field of f,, and so is Galois. (Separability is left as an exercise.) It suffices to
prove that any nonzero root of f, in E has absolute value less than 1. Let p denote
the normalized valuation on E so that p(m) = 1. We prove by induction on n that if
a € E* is either 0 or satisfies 0 < p(a) < 1, then any root v of f,, — « also is either 0
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or satisfies 0 < pu(vy) < 1. Define fo(T) = T so that the base case n = 0 is automatic.
Suppose n > 1. If v is a root of f,(T) — «, then f,_1(7) is a root 5 of

) —a =T+ 77T —

1

If « = 0, then either 3 = 0 or 3 is a root of the Eisenstein polynomial 79! 4 77"~

which has valuation 1/(¢ — 1) € (0,1]. If a # 0, then from the Newton polygon, we see

that u(B) = p(a)/q € (0,1]. We are then done by induction applied to f,_1(v) = 5.
Let 7,...,m, € A such that

n—1
o o T
Wn’i>7l'n_1ff—)ﬂ'n_2l—>"'i—>ﬂ'1iu>0.

Then
o fu(m,) =0andsom, €A,.
e FE(m)/E is totally ramified of degree ¢— 1, as f”"_l/T — 7914 70" is Eisenstein.

o E(m)/E(mg—1) is totally ramified of degree ¢ with 7, being a uniformizer for E(my)
for k > 2, as f"nik — My =19+ 7" T — 1 is Eisenstein.

Note that F(m,) is a subfield of E,,, of degree (¢ — 1)¢"~'. (Be a bit careful with the

notation here, the m; here also depend on n. For example, we may have m,_1 ¢ A, _1.)
The A-module A,, = A[n}}] is torsion and my-primary. So it decomposes as a prod-

uct of cyclic A-modules of the form A/(wd). Similar to last time, we write 7{ ' =

n—2 .
7?17 v, for some unit v, ; € Aj. Then we have

[W[T)l_l]@rn) = [Unfl]fan—lj(ﬂl) # 0.

Hence m,, generates a cyclic A-submodule of A,, isomorphic to A/(7). Then from

q" = #A/(ng) < #A, < deg(fn) < ¢,

we conclude that A, = A/(n{) and is generated by m,. (Note this also proves that the
roots of f,, are all distinct and belong to E*.)

By Lemma ??, we know that any 7 € Gal(E,,/F) commutes with any power series
in Ag[[T1,...,T,)]. Commuting with f, implies that 7 : A, — A,. Commuting with
Fy(X,Y) implies that it respects the abelian group structure +p,. Commuting with
any [a]s s for a € A implies that it is an A-module homomorphism on A,,. Since E, ,, is
generated by A,,, we have an injection

Gal(Ey,/E) < Enda(A,) = (A/(x0))*.

Comparing sizes then gives the isomorphism and E,, = E(m,) and Gal(E,,/F) =
(A/(my))*. The isomorphisms are compatible with the restriction map from Gal(E; ,4+1/E)
to Gal(E,,/E) since they are all induced by [a]s s on A. Hence on taking inverse limits,
we have

Gal(E,/E) = A™.
For any a € A*, we will write [a|; for the element of Gal(E,/FE) that acts via the power
series [a]f, s on any A,. It does not act on the entire £, as the power series [a]f,¢.
Finally to prove the norm statement, we saw before that the minimal polynomial of

T over F(my_1) is f"n_k(T) — M1 when k > 2; and the minimal polynomial of m; over
FEis T + 7°"". Hence

Ngmo) /B (T) = (1) my,
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and taking norm down to E gives
NE(Trn)/E'<7Tn) — NE(Wl)/E<<_1)q_17T1) —_ (_1)(‘1—1)2<_1)q—1ﬂ_o—"*1 _ ﬂ_o_n

The proof is now complete. ]

-1

Remark 1: When E = K, the map o is trivial. Hence we have

NKﬂ,n/K(ﬂ-n) = Tr.

Remark 2: When n = 1, E.; is the splitting field of f/T = T ' + x. Since E
contains ¢, 1, we see that E,; = E((—7)Y@Y) is a Kummer extension. Hence for two
uniformizers m,w of E, the two fields E,; and E, ; are equal if and only if w/7 is a
(¢ — 1)-th power in A%. We note that every element in U}, = 1+ (7) is a (¢ — 1)-th power
by Hensel. In other words, if w/m € U };, then E;; = E, 1. We will see later that in the
case F =K, ifw/m € U} =1+ ("), then K., = K, ,. Hence both 7 and w belong to
the norm group. As a consequence, we see that Ux C N(K),).

To compare K, and K, we need to pass to the completion of K". Let B denote
its valuation ring and let ¢ denote the Frobenius map Froby extended from K" by
continuity. We have the following result whose proof we defer to the next section.

4 )\
Theorem 4.3.4

Suppose f € Fr and g € F, with w = um for some unit v € Ux. Then F and F,
are A-isomorphic over B. More precisely, there exists ¢ € B* such that o(e¢)/e = u
and a power series 0(7T") € B][[T]] such that

O(T) = €I’ (mod T?), o =6 o [u]s

folFy=F,00, 6 o [alf = [a], 00 for any a € A.
. J

We now consider the dependence on 7. Note that if Af’ . # 0, then by scaling by o,
we may find a € AL N Af. Then [a];, € Ag[[T]] is an invertible power series sending
A, to Al,. By Lemma 77, we see that the extensions E,, = E,, and so E; = E,, over
E. When E = ﬁn, this is always non-empty.

Lemma 4.3.5

Let B be the valuation ring of the completion of K"". Then we have exact sequences

1—-A—BZLB—s1, 1— AX — B Y px 1.

Proof. Let R be the valuation ring of A" with maximal ideal q = mR. Then B is the
g-adic completion of R. The map 0 —1 on R/q =F, is x — 27 — z, which is surjective
with kernel IF,. Hence we have an exact sequence

1— Alp — R/q 25 R/q — 1.

Consider the diagram

1 ——R/q S R/q"—— Rfq" ——1.

lal | Jyl Jo-t

1 R/q s R/q" R/q" 1 ——1
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It follows from induction and the Snake lemma that
1 — A/p" — R/q" =5 R/q" — 1

is exact. Taking inverse limits gives the first exact sequence. Similar proof applies for
the second exact sequence as the map z +— 297! is surjective on Fy with kernel F7. [

Lemma 4.3.6

Let B be the valuation ring of the completion of K"". Then the map o/1 : B* — B*
defined by b — b7 /b is surjective.

Proof. The proof is essentially the same as the surjectivity of norms on units for unramified
extensions. Fix some uniformizer my of K. Then we have a filtration on B* by U™ where
U™ =1+ (my)B for n > 1. The map o/1 descends to U /U™ — U™ /U as follows.

e When n =0, o/1 is the map x — 277! on B*/U? :]F‘;.
o When n > 1, ¢/1 is the map z + 29 — x on U"/U™! %Fq.

These maps on the algebraic closure I_Fq are all surjective. We are now done by complete-
ness. [

Remark: Recall that we have the Teichmiiller lift « : I_Fq — B defined for any complete
non-archimedean valuation ring with perfect residue fields (in Lecture 4). This is a
multiplicative map and so ¢ acts as raising to the ¢-th power on its image. Fix some
uniformizer my of K. We can then express every element of B uniquely as the power
series
ap + a1y + apmy + -+, where a; € a(IF‘q).

If F/K is unramified of degree m, then elements of Ag are of the same form as above
where each a; € a(Fym).

4 N
Corollary 4.3.7
Let E, E' be finite unramified extensions of K. For any uniformizer = of £ and
uniformizer w of E’, we have
E, K™ =FE K™= K"
. J

Proof. Tt suffices to prove that for any n > 1, we have
K™ (A[r"]) = K™ (Alw"])
We know that this is true when we take completion of K":
K (A[r"]) = K™(Alw").

Let Lp, = K™(A[x"]). We note that K™ (A[z"]) is the completion L,,, since it is
complete and Ly, is dense. The Galois group Gal(K /L, ) acts trivially on L, and so
by continuity also acts trivially on its completion. Hence we have L., = L/ﬂ\ ZNEK =
LonNK =Ly, O
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Fixing a uniformizer 7 of K and some f € F,. We have an isomorphism
Uk x 7= Gal(K,/K) x Gal(K"/K) = Gal(K"" /K).
We define the reciprocity map
¢ K* — Gal(K"/K)
by: for any u € Ux and m € Z,
b (ur™)| i, = [u']; and Or(um™)

It is easy to see that ¢, is injective, (continuous) and its image consists of 7 € Gal(K/K)
such that 7|guwm = 0™ for some integer m.

Kun =— Jm.

Theorem 4.3.8
The map ¢ = ¢, is independent of 7.

Proof. Let w be another uniformizer of K. It suffices to prove that ¢.(w) = ¢, (w) since
then for any uniformizer n’, ¢, and ¢, are equal on all uniformizers of K, which generate
K*. Both act as Frobenius on K™. Since ¢, (w) acts trivially on K, it suffices to show
that ¢,(w) also acts trivially on K|, which we prove below in Theorem ?7. O

Remark: For the purpose of defining the Lubin-Tate extension K /K and the reci-
procity map, there is no need to deal with unramified extensions of K and Frobenius
twists. However, according to future Jerry, this will be needed to prove the norm
compatibility of the reciprocity maps.

4 )\
Theorem 4.3.9

Suppose E/K has degree m. Let w be a uniformizer of E and let g € F,, be defined
over Ag. Let m be a uniformizer of K and let f € F, be defined over A. Let u € Uk
with Ng/x(w) = un™. Let € € B* such that o(e)/e = w/m and let § = [¢]s,. Then

m

90 :90 [u]f

As a consequence, ¢(Ng/x(w)) acts trivially on E,,. In particular, if £ = K, then
Pn(W)|K, = 1.
-

J

Proof. We prove the last statement first by proving that 7 = ¢, (ur™) acts trivially on
E(A9). Note that it acts on K™ and Ku» by ¢™, so it acts trivially on E. The map 0
is a bijection AY) — AW defined by a power series

0(T) =T+ ayT? + az3T? + - - -, where €,09,0a3,... € B.

Fix any a € AY). We know that 7(a;) = af" and 7(a) = [u];}(a) Hence by continuity,
we have

7(0(a)) = 7(e)7(a) + 7(az)7(a)” + 7(az)7()’ + - = 07" o [u]; ().

Therefore, it suffices to prove that 67" = 6 o [u];. Note that the Galois group Gal(E/K)
is the cyclic group of order m generated by o. From €’ /e = w/7, we have

o™ Eam 602 € o, ., ,om 1

_ Ngjk(w)
om=1 € e Tm N ™

= Uu.
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m
Hence €77 = we. So we have

]

(€7 | 1.g = [uelg = [elpg 0 [u]sp = 00 [u];.

Finally since 0™ acts trivially on E, we have 7" = [e

Corollary 4.3.10
Let ue Up =1+ (7") and w = ur € K. Then K., = K, n.

Proof. Let f € F, and g € F,. Let (1) € BJ[T]] be the power series defining an A-
isomorphism Fy — F,. Then we have 67 = 6 o [u]. It suffices to prove that f(a) € K,
for any o € A[x"]. A priori, we have

0(a) € Km(a)N K = K™(a) C K™K, ..

Since Ky, and K" are linearly disjoint, it suffices to show that §(«) is fixed by the
Frobenius map o. We have

()" = (67)() = O([u] () = 0(cv)
since Uy acts trivially on A[n"]. O

While we are still fresh with the explicit construction of K, let’s first prove local
Kronecker-Weber.

Theorem 4.3.11
Let K be a non-archimedean local field. Then K2» = KM = K" . K.

The proof is essentially identical to the proof for Q, given in Section 8 using ramification
groups and Hasse-Arf. We recall it in the language of K.

o Prove that if L/K is a totally ramified abelian extension containing K, then
L=K,.

« Prove that any finite extension of K, in K" is cyclic over K.
« Prove that any two finite extensions of K, in K®® of the same degree are equal.

« The extension K((ua_ 1) - K, is an extension of K, in K" of degree d over K.
Hence any finite abelian extension of K lies in KT,

To prove the second bullet point, we extend the map ¢, (7) from KT to K2P. Recall
that ¢, (m) acts trivially on K, and as the (topological generator) Frobenius o on K".
Let M/K, be a finite extension in K. Then the fixed field M) is a totally ramified
abelian extension of K containing K. By the first bullet point, it equals K,. Hence
Gal(M/K,) = (t|m) is cyclic.

To prove the third bullet point, let M, /K, and M,/K, be two extensions in K?" of
degree d. Then Gal(M;M,/K,) is finite cyclic, and so has a unique quotient of size d
proving that Gal(M; My /M) = Gal(M;My/M,). Hence My = M.
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The first bullet point is where we used ramification groups. Let G = Gal(L/K') and
H = Gal(L/K,). We prove that H C N G" = 1 by proving that [G"*NH : G N H] =1
for all v. We know that

(G/H)=G'H/H=G"/(G'NH)
and so by Snake lemma, we have
GG =[G"NH:G""'NH]-[(G/H)": (G/H)"].

From an explicit description of (G/H)", we know that GV is finite index in G. Since it is
always closed, its fixed field F, is some finite abelian extension of K. We then have

X 3 —
G /G < Gal(Eyy /K)Y) Gal(Eypsy /K)" — {k ifv=0,
k if v>1.
The last inclusion is a consequence of Hasse-Arf, which implies that for finite abelian
extensions, consecutive upper numbering ramification groups (with integer indices) are
either equal or are consecutive lower numbering ramification groups. It then remains to
compute the ramification groups of K, /K to show that

< ifo =0,

(G/H) (G H)™ = {k ifv>1.

Theorem 4.3.12
Under the isomorphism Ux = A* = Gal(K,;/K), We have for any integer v > 1,

Gal(K,/K)' =Up =1+7"A.

Proof. The proof here is also almost identical to the Q,((,») calculation. We consider
K, /K with Galois group isomorphic to (A/(n™))*. The isomorphism sends a € A to
o, = [a]f where f(T) =T9+ nT. Suppose now a = 1 + un? for some integer v > 1 and
unit u € A*. Recall the elements 7, ...,m, in K., where f(m;) = m;_y for i > 2 and
(f/T)(m) = 0. Then each ; is an uniformizer for K (m;). Let p; denote the normalized
valuation on K (m;) so that p;(m;) = 1. Then we have,

v

i6(0) = pn (] (70) = 72) = ia ([l 11570)) = pin (M) = -
Hence we see that

Gp1=-=Gp_1=14+7"(4/(7"))" =G".
Taking inverse limits gives the desired result. O]

Proof of Theorem ?7: We now prove the desired 6°" = 6 o [u];. From the definition
of #, we have that
g=0"0fof "

Hence, by repeatedly taking ¢ and composing, we get

g =07" 0 fmof =070 f™of =67 o [x"]; 007"
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Since Gal(E/K) is cyclic of order m generated by o, we see that
gm = Ng/(w)T  (mod T7?).
Moreover, since g € Ag[[T]] is fixed by ¢™, we have
909m =9"" ©Gm =gm+1 =gnog.

Hence
gm = [ur™g = [e] g0 [uly o [7™] g0 el 7y =00 [ulpo [7™] 067"

Therefore, we have 07" o [1™]; = 6 o [u]; o [r™];. That is
0" o M =fo [u]f o fom).

Here f™ = f,.is f composed with itself m times. We are now done by the next Lemma
79

Lemma 4.3.13

Suppose h € BJ[[T]] and f € Fr. For any integer £ > 1, if ho f =0 (mod 7*), then
h =0 (mod 7*). In particular, ho f = 0 implies h = 0.

Proof. Modulo 7, we have h(T?) = 0. Hence h = 0. Divide h by 7 and repeat. [

§4.4 Norm compatibility

Our main theorem this section is the following norm compatibility result of ¢

4 )\
Theorem 4.4.1

Let L/K be a finite extension of non-archimedean local fields. Then the following

diagram commutes.

Lx —25, Gal(L#> /L)

JNL/K JUH‘ﬂKab
PK

K* 5% Gal(K™ /K)
g 4

Remark: We have used Theorem ?? to replace KT by K? and similarly for L. Note
also that K*PL/L is abelian and so K" is a subfield of L. We are not assuming that
L/K is abelian because the proof won’t need it. The proof can also be made to work
without proving Theorem ?? first, with LT in place of L** and LY N KT in place of
K® in the above diagram.

Corollary 4.4.2

Suppose L/K is a finite abelian extension.Then ¢, defines an isomorphism

¢L/K : KX/NL/K(LX) = Gal(L/K).
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Proof. Write ¢,k also for the composite map K* — Gal(K**/K) — Gal(L/K). Since
the image of ¢x is dense and Gal(K®"/L) is a closed subgroup of finite index, we see that
the image of ¢y hits every coset of Gal(K®*"/L) and so ¢y is surjective. The kernel of
¢1/x clearly contains Ny, x(L*). Suppose now ¢, x(a) = 1. Then ¢ (a) € Gal(K**/L).
Extend it to Gal(K*"L/L) and then to some 7 € Gal(L*/L). Let F = K" N L. Then
T acts on E"™ = K™ via ¢k (a), which is some integer power of Frobenius. Since L/FE is
totally ramified, L"" is formed from L by adjoining the same roots of unities as E"" is
formed from E. Hence 7 acts on L™ by some integer power of Frobenius. There then
exists b € L* such that ¢7(b) = 7. Then ¢x(a) = ¢x(Nr/x(b)). By injectivity, we have

Proof of Theorem ??: We now prove the desired #°" = 6 o [u]; which implies that
¢x(Np/k(w)) acts trivially on E,,, where E/K is unramified of degree m. Note that the
Galois group Gal(E/K) is the cyclic group of order m generated by o. From €7 /e = w/m,
we have

m m 2 m—1
€’ €’ € e ww W Ng/k(w)
€ e € € m ™

= Uu.

Hence ¢°” = ue. Note that both sides are in Afgi,n. So we have

(€)1 = [uel g = [€l g0 [ul.r = 0 0 [u]y.

Finally since ¢ acts trivially on E, we have

ng = [Eam]fonn ’gO-TVL = [Eo—m]f,g - 0 ) [u]f

We work towards proving Theorem ??7. It is easy to see that it suffices to prove it
when L/K is unramified; and when L/K is totally ramified. It also suffices to prove that
for any uniformizer w of L,

or(w)|ger = ¢ (Npyx(W)).

On K", we know that ¢, (w) acts as Froby, = Frobff/K. We know also that g (Np/k(w)) =
fr/K, so we see that ¢ (w)|gw = ¢ (Nr/x(W))|xun.

In the unramified case, Theorem ?? implies that ¢x(Nr/x(w)) acts trivially on L,
and so does ¢ (w). Hence they agree on K™ - L, = K = K2P,

We focus now on the totally ramified case. In this case, ¢ (w) acts as Froby, = Frobg
on K". So

Or(W)|av = P (7)

for some uniformizer 7 of K. The goal now is to prove that
NL/K (w) = T.
Observe that we have
(Kab)d)K(ﬂ-) =K; = L, = (Lab)dm(w).

They are all totally ramified over K. The key idea now is to recover 7 from the norm
subgroups, recalling that = € N(K,).

Suppose now L/ K is totally ramified. Consider first that L = K ,, for some uniformizer
7 and integer n > 1. In this case, ¢r(a)|k,, is trivial for all @ € Ur. Hence if the
diagram does commute, then every element of Ny x(Uy) acts trivially on K ,. Under
the isomorphism A/(7")* — Gal(K, /L), this means that Ny x(Ur) C 1+ p™ where
p = (7). We claim that conversely, this is enough to prove the diagram commutes for
any totally ramified L/K.
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Theorem 4.4.3
We have N(K,) = (14 p") x 7.

For any infinite extension F//K, we write

NFY= () NI

LCF, [L:K]|<oco

Corollary 4.4.4

We have N(KX) = nZ. Moreover, if F//K is a totally ramified extension containing
K., then N(F*) = nZ.

Proof. Since F contains K, we have N(F*) C N(K*) C 7%. It remains to prove that
N(F*) contains a uniformizer, which then must be 7. We know this is true for finite
totally ramified extensions. To prove it for infinite totally ramified extensions, we use a
little bit of topology. For any finite L /K contained in F', let S(L) denote the nonempty
set of uniformizers of K contained in N(L*). Then S(L) = Np/k(n UL) is a compact
subset of the compact set mUg such that any finite intersection S(Li) N--- N S(Ly,)
contains S(Ly - - - L,,) which is nonempty. Hence, the intersection of all of the S(L) is
nonempty. (Otherwise, their complements is a cover of Uy that does not admit a finite
subcover.) O

Proof of Theorem ?7: Suppose L/K is totally ramified. For any finite extension M /K
contained in L, we have N(M*) N N(L*) = N((LM)*). We write Nk for the norm
groups down to K and Ny, for the norm groups down to L. Then

Ni(Ly)= (1 Ne(M*)= (1 Ne(M*)=Npx(Np(Ly)) = No/w(w®).
MCL, LCMCL,
[M:K]<oco [M:K]<oo
On the other hand, L, is totally ramified over K containing K, so we have N (L) = nZ.

Therefore, Np /i (w) =m. O

Corollary 4.4.5

Let n,m be any positive integers. Let m be a uniformizer of K. Let E be the

unramified extension of K of degree m. Let L = K, ,E. Then N(L*) = (1 +p") x
nmZ,

Proof. Since K, has norm group (1 + p") x 7% and F has norm group Ux X 7% we

see that the norm group of L is contained in (1 + p*) x 7#™Z. Comparing indices gives
equality. O

We will have completed the proofs of the main theorems of LCF'T once we prove that
K, has the correct norm group.

Proof of Theorem ??: From Corollary 77, we see that N(K, ) contains ur for any
u € Uy.. Hence it remains to prove that the norm of any unit lies in Uj. Fix f = 7T +71.
Since K, is totally ramified over K with uniformizer m,, we see that any unit in K,
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is of the form h(m,) for some h € A[T] with h(0) € Ux. So h € A[[T]]*. Moreover, the
conjugates of 7, over K are exactly the elements of A,\A,_; using the fact that A, is
the A-cyclic module generated by 7, and A,,_; is generated by [mo](m,) = m,_1. Hence

N = 1 h</s>=(n hw))/( i hm).
/BEAH\An,1 BeEA, BEA,—1

The trick is to consider

ho(T) = ] (T +;B) = [I R(Fs(T,B)).

BEAR BeEA,

4 )
Lemma 4.4.6
There exists a unique map N : A[[T]] — A[[T]] such that for any h € A[[T]],
N(h)o f(T) = [] h(T +5 ).
AEA;
This is the Coleman norm operator.
- J

Proof. Let hy(T) denote the right hand side. Since hy(7T) is symmetric in A € Ay, we see
that hi(7T") € A[[T]]. By the associativity of F;, we have

h1<T+f )\)Zhl(T), for any)\GAl.

Then the power series hy(T) — hy(0) € TA[[T]] vanishes at all A € A;. Since f(T) =
[Tea, (T'— A), we have f(T) | hi(T") — h1(0) in A[[T]] by Lemma ??. Let ¢;(T") € A[[T]
be their quotient. Then

hi(T') = ha(0) + g2 (T) f(T').

Now for any A € A, we have f(T 4+ ) = f(T) +; f(A) = f(T). Hence
ha(T 45 A) = hi(0) + g1 (T +; (T 45 A) = ha(0) + g2 (T +5 M f(T).

In other words,
a(T+5 X)) = (1), for any A € A;.

We can then repeat the above to write
9(T) = 91(0) + g2(T) f(T).
We thus have a sequence ag, aq, ... in A such that
h(T) = ao+ a1 f(T) + ax f(T)* +--- = N(h) o f

where
N(R)(T) := ag + ayT + a;T? + - -- € A[[T]].

It is easy to see that N(h) is unique since g o f = 0 implies that g = 0. (Exercise.) O
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Lemma 4.4.7

Suppose h € A[[T]] with distinct roots a1, ..., a, in A. Then (T'—ay) - (T —ay,) | b
in A[[T]].

Proof. The same proof for polynomials works here. The condition that «; € A ensures

convergence. O
4 )
Lemma 4.4.8
Let N™ denote N composed with itself n times. Then for any h € A[[T]],
= I MT +;B) = N"(h) o f(T).
BEAn
- J

Proof. We now prove by induction on n. The case n = 1 is the definition of N. Let €2 be
a set of representatives for A,,/A;. In other words, every element of A,, can be written
uniquely as J + v for some § € Q and v € A;. We also have f(2) = A,,_;. Then

:HHh(T-i-fﬁ-i-f)\ HN f(T+;pB)= H N(h T)+5 )
BeQ AN BeN AEAL—1
which by induction equals N"Y(N(h)) o f™=V(f(T)) = N*(h) o f™")(T). O
4 )
Lemma 4.4.9
The Coleman norm operator N has the following properties:
(a) N(hihg) = N(h1)N(ha);
(b) N(h) = h (mod m);
(c) If h € T'A[[T]]* for some i > 0, then N (h) € h(A[[T]])*;
(d) If h=1 (mod 7"), then N(h) =1 (mod 7"*1).
Combining these, we see that if h € T*A[[T]]* for some i > 0, then N™(h)/N""!(h) =
1 (mod 7").
\- J

Proof. Statement (a) follows from uniqueness. For (b), we note that N(h) o f(T) =
N(h)(T9) mod 7. On the other hand, Ay C (m) and so T'+; A = T mod m for any
A € Ay. Hence the product

1 AT+, \) = h(T)? = h(T9) (mod ),

AEA

since they are congruent mod m; but have coefficients in A. This proves (b). Statement
(c) when ¢ = 0 follows from (b) (which is all we need) since N(h)(0) = h(0) £ 0 (mod 7).
Consider h(T) = T'. It is clear from the construction of N that N(T') = Tg(T) for some
g € A[[T]]. It suffices to prove that g(0) € A*. By definition, we have

(7T +Tg(xT+T) =T [ (T+sN).
AeA1\{0}
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Divide by T and set T' = 0. We get 7g(0) = Nk, ,/x(m) = (—1)?'n. Hence g(0) € A*.
The general case follows by multiplicativity (a). For (d), write h = 1 + 7"g for some
g € A[[T]]. Then

Nh)o f(T)= [] A+ 7"g(T+;N)=(1+7"g(T))?=1 (mod 7"*").
AEAL
So (N(h) —1) o f(T) =0 (mod 7). Modulo 7, we find (N(h) — 1)(T9) = 0 and so
N(h) —1 =0 (mod 7). Divide it by 7 and repeat. We conclude that N(h) —1 =0
(mod 7" 1),
Finally, by (b) and (c), we see that N(h)/h =1 (mod 7). Now apply (d) and (a) n—1
times to N(h)/h. O

Theorem 77 now follows because

N(h(m,)) = m el+p"

§4.5 Summary for the proof of Local class field theory

1. Given the data (E, 7, f € F,) of a complete unramified extension E/K, a uni-
formizer 7w of F, and some f=T9+ 7T +---:

« Obtain a formal group law Fy such that f € Hom(Fy, FY).
o Define E, ,, as the field over £ generated by the roots of fo" o0 f70 f.

« Provethat E, ,,/E is totally ramified with Galois group isomorphic to (A/(mx)™)*.

Take
E. = @ E .

2. Given two such (E, 7, f) and (E,w, g) and some a € AL N Aj:
« Obtain an isomorphism [a]s, : Er — E,.
+ Pass to the completion of K" and then intersect with K to show that

KT — g
is independent on the choice of the data (E, 7, f) where E/K is finite.
3. Define the reciprocity map
¢r : KX — Gal(K"/K)

by having ¢, (um™) act as [u];' on K, and as o™ on K"

« Prove that given (EF,w, g) where E/K is finite unramified,
¢x(Nejx(W))|p, = id.

o Use this to prove that ¢, is independent on the choice of 7 and that it is norm
compatible with respect to finite unramified extensions.

o Compute the ramification groups of K,/K and use Hasse-Arf to prove the
local Kronecker-Weber theorem (exactly as in the Q, case):

KLT _ Kab.

X
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4. Prove that N(K,) = U x n”.

o The containment N(K),) 2 U x 72 follows from K, , = K, , when w/m €
Uk and that m € N(K,,)*.

« The containment N(KY,) C U x 7% uses the Coleman norm operator to
prove that the norm of a unit is in U}.

o The equality is used to prove norm compatibility with respect to finite totally
ramified extensions.

§4.6 A little bit of GCFT

We begin with an example. Let ¢ be an odd prime and let K = Q(1/¢*), where ¢* =
(=1)@=1/2. So K is the discriminant subfield of Q(¢,). We identify Gal(K/Q) = {1, -1}

and consider the reciprocity maps
oy Q) — Gal(K,,/Q,) — Gal(K/Q) = {1, —-1}.

Suppose first that v = co. If ¢ = 1 (mod 4), then ¢* > 0 and ¢ is trivial. If ¢ = 3
(mod 4), then ¢* < 0 and ¢ : R* — {1, —1} is the sign map. So we have

do(p) =1 and boo(—1) =1g —1g.

Suppose now v # ¢ is a finite prime. Then K,,/Q, is unramified so every unit Z. maps
to 1. If p = v, then ¢,(p) is Frobenius which equals 1 if and only if p splits completely in
K. So we have

forv £ asU(p):{lgq*p Ip=vd s(-n=1

1 itp#wv

Finally suppose v = ¢. In this case, K,,/Q, is totally ramified of degree 2. So its norm
group is an index 2 subgroup of Q containing ¢ as ¢ = N(¢; — 1). The only such
subgroup is ¢% x ((Z_;) x (1 + ¢Z,). So we have

¢q<p>:{lgpq EP7and g1 =1g-1q.

1 ifp=gq
Quadratic reciprocity then implies

II ¢.(a) =1, Va € Q.

UEMQ

This suggests a global reciprocity map

¢: [ @ = Gal(K/Q)

UEM@

having the diagonally embedded Q* in the kernel. Such a map is certainly not well-
defined. We need to replace the infinite product with a restricted direct product. For
any global field K, we define the group Jg of ideles to be

Jk ={(ay) € J] K):a, €O for all but finitely many v} = H/ (K)S,0F).

vEMp vEMK
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where O, denote the valuation ring of K, for v finite. For any finite abelian extension
L/K and any (a,) € Jx, we can now multiply the local reciprocity maps ¢, /k, : K —
Gal(L,/K,) — Gal(L/K) into a global reciprocity map

qu/K Ik — Gal(L/K)

Note since for any (ay) € Jg, for all but finitely many v, L, /K, is unramified and
a, € OF, we have ¢, /k,(a,) = 1 so the above map is well-defined.

Theorem 4.6.1
The map ¢/ is surjective with kernel K* Ny x(Jr).

Let Cx = Jg/K* denote the idele class group. Then we have an isomorphism
¢k Cx/Np/k(Cr) — Gal(L/K).
Taking inverse limit over L, we have the norm compatible global reciprocity map
ox : Cx — Gal(K™/K).

Example: What is Cy? Elements in Jgp have coordinates pi*us, ..., pimu, for finitely
many primes, with the rest all units, and some r € R. Modding out by Q* gets rid of all
the finitely many prime powers, and the sign of . Hence

Co 2 (0,00) x [JZ) = (0,00) x Z* = (0, 00) x Gal(Q**/Q).

When taking norms from K = Q(4/q*), we see that it surjects onto (0, 00) and each Z
for p # q. The image of the units in Z; is the index 2 subgroup ( 3_1> x (1+qZ,). We
see that the quotient is isomorphic to Cj.

To state the Existence theorem, we need to define topologies on Jx and Ck. There is
also the ring of adeles

Ax ={(ay,) € H K,: a, € O, for all but finitely many v} = H/ (K,,O,)

'UGMK 'UGMK

where a basis of open sets is of the form [], U, where all but finitely many U, = O,.
It is easy to see that Jx = Ak and we give it the topology induced from the map
x — (z, x_l) : Jr — Ag X Ar. Note this is not the same as the restricted directed
product topology of Jy itself.

Proposition 4.6.2

Embed K diagonally in Ax. Then K is discrete in Ag and K* is discrete in Jk.
Let Ji = {(ay,) € Jx: I, |ay|o = 1}. Then Ax/K and J./K* are compact.

Remark: Suppose K is a number field with r; real embeddings and 7, conjugate pairs of
complex embeddings. Then the quotient A /K is the same as [],jo Oy X (R™ x C"2/O).
The compactness of J}/K* implies the finiteness of class groups and Dirichlet’s unit
theorem that Ux = Z" 7271 x (p,.) where (o) denotes the finite (cyclic) subgroup of
roots of unities contained in K.
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4 )\
Theorem 4.6.3

When K is a number field, ¢y defines an isomorphism Cy /C% = Gal(K*?/K) where
C} denote the connected component of the identity of Ck, which also equals the
subgroup of infinitely divisible elements of C'x. When K is a function field over F,,,
¢ is injective and its image consists of elements in Gal(K?/K) that restricts to

some integer power of Frobenius in Gal(F,/F,).
- J

Theorem 4.6.4

(Existence Theorem) There is a one-to-one correspondence between open subgroups of
Ck of finite index and finite abelian extensions L/K via the norm group Ny, x(CL).

We end by giving an interpretation of these results in terms of the classical treatment
using ideals. Any open subgroup of Jg of finite index contains a subgroup of the form
Un = II, Un» where the modulus m =[], v* is a formal product where e, = 0 for all
but finitely many v; e, € {0, 1} if v is real and e, = 0 if v is complex; and

oy it v is finite and e, = 0
U - 14 p® if v = p is finite and e, > 0
’ K} if v is infinite and e, =0
R* if v is real and e, = 1.

Let C} be the image of U, in Cx. This is called the congruence subgroup of Cx of
modulus m. When all e, = 0, namely m = 1, the quotient group Jg /U, is isomorphic
to the ideal group Ix of K. In other words, Cx/C} is isomorphic to the class group
CI(K) of K. Since Uy /Uy, is clearly finite, we see that C'} is an open subgroup of Ck
of finite index. By the Existence Theorem, it corresponds to a finite abelian extension
K(m)/K, called the ray class field of modulus m. The quotient

Ok /O™ = Gal(K (m)/K)

is called the ray class group of modulus m. Since C} is the norm group of K(m),
we see that K(m)/K is unramified at all places v with e, = 0. When m = 1, K (1) is
the Hilbert class field of K, which is the maximal abelian extension of K unramified
everywhere.

Proposition 4.6.5
Let m be a positive integer. The ray class field of Q of modulus m - co is Q(()-

Proof by “elimination”: What else could it be? For any prime p and positive integer
n, we know that the norm group of Q,((,») contains 1 + p"Z,. So Q((n) C Q(m - 00).
For equality, it is not hard to show that Cp/Cg™ = (Z/mZ)*. O

Remark: The ray class field of Q of modulus m is Q(( + ¢1).

The ray class group of modulus m is traditionally defined as the quotient I /K™
where [} is the group of fractional ideals generated by prime ideals with e, = 0 and
K™ = K* Nl £ Uny. We have an isomorphism

JK/Um — [In; X H Kg/Umm
ey #0
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and an exact sequence

1 K™= K*— [[ K} /Uno— 1.
ey 7#0

Therefore, we have an isomorphism
Ck/CR = Jg/(UyK™) = IR /K™,

Note that I} is generated by prime ideals unramified in K (m). We can then extend the
Frobenius (p, K (m)/K) by linearity to the Artin symbol (a, K (m)/K) for any a € I}.

4 )
Theorem 4.6.6
The isomorphism
Clo(K) =1z /K™ — Ck/CR — Gal(K(m)/K)
is given by the Artin symbol (a, K'(m)/K).
. J

We say two prime ideals p; and po coprime to m are congruent mod m if their images
in I /K™ are equal. We note that for any finite abelian L/K, the norm group N,k (CL)
contains some U, since it is an open subgroup of finite index. As a consequence, L is a
subfield of the ray class field K (m). Recall in the case of Q where upon embedding L
inside Q((,,,), primes that split completely in L are defined by congruence conditions mod
m. Here, primes p of K that split completely in L are defined by congruence conditions
mod the modulus m. The converse is also true!

4 N\
Proposition 4.6.7

Let L/K be a finite Galois extension of number fields. Suppose there is a modulus
m such that except for a finite set S of primes, the condition that a prime p of K
splitting completely in L is defined by congruence conditions mod m. Then L/K is

abelian.
(G 4

Proof. Let M be the Galois closure of LK (m) over K. We prove L C K (m) by showing
that for all but finitely many primes, if p splits completely in K (m), then it splits
completely in L. By the Chebotarev density theorem, there exists a prime q ¢ S of
K that split completely in M. Then q splits completely in L and K(m). Let p ¢ S
be a prime that splits completely in K (m). Then p = q = 1 mod m since this is the
condition for splitting completely in K (m). Since q splits completely in L, we have p
splits completely in L since that’s also defined by (possibly more) congruence conditions
mod m. O

Corollary 4.6.8

(Furtwéangler) For any subgroup H of the class group of K, there is an unramified
abelian extension L/K such that the primes that split completely in L are exactly
those whose ideal class lies in H.
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What's next if one wants to learn more?
There are many directions one can go from here:

1. Group cohomology: A proof of global class field theory and another proof of
local class field theory.

2. Complex multiplication: A construction of the ray class fields for imaginary
quadratic fields, using torsion points of elliptic curves.

3. Drinfeld modules: A construction of ray class field for function fields.

4. The Langlands program: A study of n-dimensional representations of Gal(/ /K)
with a lot of correcting adjectives! The case n = 1 is the group Gal(K®"/K) and
follows from class field theory.
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