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Abstract

In the essay, I will talk about a fundamental area in analytic number theory called
Sieve theory and its relating asymptotics in arithmetic functions. A sieve is a tool for
separating desired objects from other objects. The most well-known sieve being the
Sieve of Eratosthenes (which we will discuss in detail later), which states thatif n < x
is not prime, then n = pa where p is a prime, p < \/; i.e., an algorithm for finding all
prime numbers up to any given limit.
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1 Asymptotics and Arithmetic Functions

DEFINITION 1.1. An arithmetic function is a function f : N — C. These functions can
be used to capture and study certain arithmetic behaviour.

EXAMPLE 1.2. Here are some examples:
(a) v(n) = #{distinct prime divisors p | n} or w(n).
(b) d(n) = #{divisors d | n} or g,(n)
(©) p(n) =#{1 <d <n: gcd(d,n) =1} = |(Z/nZ)*| or ¢(n)
(d) IfACN,

1 neA

Ldm =y, neA
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Arithmetic functions often have very erratic behavior, which makes them more difficult to
deal with using analytic techniques. Consider the divisor function d(n) = #{positive divisors of n}.
Let p be a prime,

o Ifn = p,thend(n) = 2.

o Ifn =2k thend(2") =k + 1.

DEFINITION 1.3. Let f(x) and g(x) be two functions and let x — oco. We say f(x) is
asymptotic to g(x) and write f(x) ~ g(x) if

lim@—

=1
X—00 g(x)

So using asymptotic theory, we can smooth out the information contained in an arithmetic
function by considering the function of a real variable x,

> d(n) ~ x1 li Z”Sxd(n)ﬂ
)~ xlogx <= I xlogx

n<x

Here is a example. Consider the floor function | x| i.e., the greatest integer < x. Alterna-
tively,

lx] =21

n<x

LEMMA 1.4. |x]| ~ x

PROOF. By definition, we know | x| < x. Also, [x]| + 1 > x implies [ x| > x — 1. Now, we

will find lim m, so we have

X—>00

1 x-1
o lox=t b
X X X

=1

==

. 1 .
Also, we have lim 1 — — = 1and lim 1 = 1. So by Squeeze Theorem, we can conclude that

X—=00 X X—00

lim m =1
x—o00 X

Hence proved. o

DEFINITION 1.5. Let f(x) and g(x) be function of the real variable x. We define the follow-
ing:
(a) f(x)is little-oh of g(x), written f(x) = o(g(x)), if

o)
m —

=0
X—00 g(x)

In this case, f(x) is asymptotically smaller than g(x).
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(b) f(x) is big-oh of g(x), written f(x) = O(g(x)) or f(x) <« g(x), if there exists a
constant C > 0 such that | f(x)| < C - |g(x)| for all x > x,. Equivalently,

J)

lim sup — <
xoeo 8(X)
In this case, f(x) is asymptotically the same order of magnitude or smaller than
g(x).

LEMMA 1.6. If f(x) ~ g(x), then f(x) = O(g(x)).
We write

F&x)= gx) +0(h(x)) <= [f(x)—gx)=0(h(x))

Similar notation applies to little-oh.

LEMMA 1.7. O(h(x)) and o(h(x)) are ideals in the ring of functions defined for x sufficiently
large. The above notation is then equivalent to stating that f(x) and g(x) belong to the same
coset when quotienting by the ideal O(h(x)).

LEMMA 1.8. [x]| = x + 0(1)

PROOF. We want to bound || x| — x|. We know that x| < x and |x| > x — 1, implying
-1 < |x] — x £ 0, concluding that |[x] — x| < 1. So, there exists a constant C > 0
(specifically C = 1) such that || x| — x| < C -1 for all x > 0, hence implying | x| —x = O(1).
Therefore, [ x| = x + O(1). Hence proved. O

LEMMA 1.9. Let f(x), g(x) and h(x) be functiosn and let x — .
(a) Let f(x)-0(g(x)) = O(f (x)g(x)) and f(x)-0(g(x)) = o(f(x)-g(x)). If h(x) = O(g(x)),
then f(x)h(x) = O(f(x)h(x)).
(b) If f(x) = O(g(x)) and h(x) = O(g(x)), then f(x) + h(x) = O(g(x)).
(c) If f(x) = O(g(x)) and g(x) = O(h(x)), then f(x) = O(h(x)).
(d) If f(x) = O(g(x)), then

D fm)y=0 [Z g(n)]

n<x n<x

(e) If f(x) = O(g(x)) and some y € R, then

f [0 dtzo( f 0 dt)
y y
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2 Abel Summation

THEOREM 2.1. Write A(x) = z a, and suppose f(t) is a differentiable function on the
n<x

interval (y, x) fory < x < oo. Then,

Y, auf(n) = AG)f(x) — AW - f A f'(¢) dt

y<n<x y

A(t) is like a “discrete antiderivative” of a,, and we can recognize the familar integration
by parts formula with u = f(t) and edve = a,, (so, du = f'(t) dt and eve = Z a, = A@t)):

n<t

% afm =050 - [ Aor@a

y<n<x Yy

COROLLARY 2.2. ). % = log x 4+ 0(1)

n<x

PROOF. By Abel Summation, we have a, = 1, (1) = - = f'(t) = —=, A(®) = |¢].

1 1 1 1= [* 1 x| . Lt
T z=1+“J'71‘f1 () dt:T*/l e

=x+O(1)+fxt+O(1) ”
1

X 12

=1+O<l>+/ 1dt+O f ldt
X Lt | t2

Hence proved. o

THEOREM 2.3. Z d(n) = xlogx + O(x)

n<x

PROOF. We know that d(n) = #{positived | n} = Z 1= Z 1, for some a € Z. So, we
dln da=n
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have

Sdm=3 Y 1= 31

n<x n<x da=n da<x

:Z 1

d<x

Q
IA
alk

ol

QL
A
=

Il
M

(5 +o0)

= x(logx + O(1)) + O(| x])
= xlogx + O(x) + O(| x])

IA
=

since [x] < x, so | x| = O(x). Hence proved.

3 Mobius Function

DEFINITION 3.1. The Mobius function is defined as follows:

u(n) = (-1D)* n= Hi;l p; is a product of k distinct primes
0 otherwise

LEMMA 3.2. Let u(d) be the Mobius function,

1 n=1
%u(d)—o "0

PROOF. Suppose n = 1, we have

Do) =p) =1

dJ

k
Suppose n = H pf" ' # 0, using the binomial theorem we get
i=1

k
D u(d) = p() + Y ulp) + D u(pipy) + -+ + u(ps -+ pr)

d|n i=1 {i.j}
= (0)+ () v oo+ (e
=(-D+1Dk=0

Hence proved.
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THEOREM 3.3. If f(n) = Zg(d), then g(n) = Z/x(d)f <g>

dln d|n

PROOF. We have

> u@f(5) =T wdr@

dln da=n

= > #(d)[Zg(b)]
da=n bla

=D, u(d)(Z g(b))
da=n bc=a

= > udgb)
dbc=n

=>g®)| D u(d)
bln de=2

b

= > gD ud)

bln d n
b

=0+0+-+g(n)-1

where,
1 if2=1= b=n
;“(d): 0 if%;él = b#n
b
Hence proved. -
EXAMPLE 3.4. o(n) = )1 = 1= ) u(d)o, (S)

dln dln

a. Squarefree Numbers

DEFINITION 3.5. Aninteger n is called squarefree if for all prime numbers p we have p? } n.
Let’s denote § = {s;, 55, ... } be the set of squarefree integers.

Is there a sieve for squarefree numbers? Let’s try something (method of inclusion-exclusion)

FEERERERES
+ _22).632J + [22)-CSZJ +oo ot [ﬁj b

_ ﬁJ g = Zd:“(d) [%J
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o)

THEOREM 3.6. #{§ < x} = (Z

”‘(’j))x +O(/T)

,u() i Also, If d> > x (i.e., d > /x), then

PROOF. First, we can observe that z

n=1

X
l d2J = 0. We have the following:

Su@| 5] = T wo|z|= T wa(grom)=| £ 4 HD i vo| 31

d<y/x d<y/x d<\/_ d<yfx
—_———
o(x)
#(d) M(d) ,U(d) < @) M(d)
2 |x= el Bl DI Z
d<\/_ d=1 \/_<d d=1 x<d
= u(d
This only makes sense if dz: % converges, & < Fk , SO converges by comparison
=1

SR . 1 -2
Wlthdz FER Taking,a, =1 = AQ@)=[t],f(t) == = f'(t) = = dt, we get
=1

t2
Z #(d) Z 1
\/_<d ﬁ<d§ood2
<44 [;J dt
N Vx
1| “1 1
<|- + |2 —dt| <« —

This holds, since [t] =t + O(1) = |r]| < t. Hence proved.

4 Prime Numbers

Prime numbers has been a fundamental structure of study, since the period of Euclid
(providing a proof of infinitude of primes). We know that Sieve of Eratosthenes, gives us a
set of primes numbers upto a given limit. But how many are there? The prime number

theorem gives an approximated answer to this question (which we will discuss in the next
section).

a. Foundational Results

THEOREM 4.1 (CHEBYSHEFF’'S THEOREM). 7(x) = O (_102 x)
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PROOF. Next section!

1
THEOREM 4.2. Z D8P _ logx + 0(1)

p<x

n
PROOF. We know n! = Hpep = H k.

_ n n
= |5 * |7 *

#d<ns.t. p|d #d

Ze logp = Zlogp(l + {i‘ + ) = Zlogk =nlogn —n + O(logn)

p<n p<n k<n
Taking the leading term,
Zlogpl J Zlogp( +O(1))
p<n p<n
1
:”Z o8P + 0 Zlogp
p<n p<n
lo
—n Y 2L o)
p=n p

by Chebysheff’s Theorem. For rest of the terms, we have

n > I’l

log p
convergesas n — oo < . Implying,
Enp(p— 1) ° 2 3/2 pins

lo
”Z o8P + O(n) + O(n) = nlogn —n + O(logn)

p<n
logp

psn

+O0(n)+0(n)=logn—1+ O(logn)

These are all O(1). Hence proved.



4 PRIME NUMBERS 9

LEMMA 4.3. Z logn = xlogx — x + O(log x)

n<x

COROLLARY 4.4. ). 1_ loglog x + O(1)

psx
We could prove Corollary 4.4, using Abel Summation with f(t) = (logt)~!. We also get a

nice intuitive argument for free!

p—o0

: 1 .
COROLLARY 4.5. lim Z — diverges.
p

b. Prime Number Theorem

DEFINITION 4.6. Define 7r(x) as the prime number counting function,

m(x)=#{p < x : pprime} = Z 1

p<x

We will state and prove a Theorem by Chebysheff on the asymptotic bound for 7z (x).

THEOREM 4.7 (CHEBYSHEFF’'S THEOREM). 7(x) = O (102 x)

X
log x

LEMMA 4.8. 7(x) = O( > ifand only if 6(x) = Z log p = O(x).

p<x

PROOF. We observe that,

II »

n<p<2n

2n
2n ,
2n _ 2n _ i
where, 2" = (1 + 1) = E ( ; )(1) . So we have,

i=0

Z log p < 2nlog2

n<p<n

6(2n) —6(n) < 2nlog2

We will prove 6(n) < 4nlog 2 via strong induction.
Base case: Suppose n = 1, then

6(1)=Zlogp=0§4-1-10g2

p<1
Inductive step: Suppose for all 1 < k < n,

O(k) < 4klog2
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Suppose n is even, then
O(n)—06 <g) <nlog2
n
f(n) <nlog2+¥6 (5)

<nlog2+4 (%) log2 [Inductive Hypothesis]

<3nlog2
<4nlog2

Suppose n > 3 is odd. We observe that n + 1 iseven and > 4 = n + 1is not prime. So,

9(n)=210gp= Z logp=06(n+1)

psn p<n+l

. n+1
n + 11is even and ~ < n. Hence,

+
—_

[\
SN— ——

n

O0(n) =06(n+1) S(n+1)10g2+6(
1

+

n

<(mn+1)log2+ 4( log2 [Inductive Hypothesis]

<3(n+1)log2
<4nlog2 [by n > 3]

implying 6(n) = O(n). Hence proved. o
We will state two equivalent statement of the Prime number theorem,

THEOREM 4.9 (PRIME NUMBER THEOREM VERSION 1). Let 7t(x) be the prime counting func-
tion. Then

7(x) ~ ——
log x
DEFINITION 4.10. Let Li(x) be the logarithmic integral defined by %.
2

THEOREM 4.11 (PRIME NUMBER THEOREM VERSION 2). Let 7t(x) be the prime counting
function and Li(x) be the logarithmic integral. Then

m(x) ~ Li(x)

There are variety of proofs of the Prime Number Theorem, the most accessible of which
require complex analytic techniques. There does exist an “elementary proof” (i.e. one
that does not appeal to complex analysis). Before proving this theorem, we will state and
proving some required background theorems and lemmas.

Recall the Riemann zeta function, which is defined as

(=Y

n>1
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on the strip R(s) > 1. As we will see later, the zeta function can then be meromorphically
extended to the complex plane, with exactly a simple pole at s = 1 of residue 1, and with
trivial zeros at the negative even integers.

Define the two auxiliary functions,

1
o(s) =Y ‘ff’ 6(x)= > logp

p p<x

Note that the series defining ®(s) converges absolutely uniformly in any compact subset of

R(s) > 1 and hence P(s) is holomorphic there. Through a series of steps, we will prove the

asymptotic relation 6(x) ~ x, which then immediately implies the prime number theorem.
Moreover, define the xi function as

§(5) = 7T (3)¢)

in the half-plane R(s) > 1. We will state a property of the xi function without proof.
The function £(s) has an analytic continuation into a meromorphic on the complex
plane with only simple poles at 0,1, and

1 1
§(s) = 175 + F(s)
where F(s) is entire.

COROLLARY 4.12. The zeta function can then be meromorphically extended to the complex
plane, with exactly a simple pole at s = 1 of residue 1, and with trivial zeros at the negative
even integers.

-1
LEMMA 4.13. The relation {(s) = H (1 — %) holds for R(s) > 1.

p

PROOF. Expand and use the Fundamental Theorem of Arithmetic to show that the LHS is
-1
. o . 1
the uniform limit of the partial products, | | (1 — E> . o

p=x

1
LEMMA 4.14. The function {(s) — 7 extends holomorphically to an entire function.

S —
ﬂ,s/z
PROOF. Using Fact 4.2.3., and since TG/2) is entire, looking at the residues implies that
S
1 . .
¢(s) — | extends to an entire function. o

LEMMA 4.15. We have the relation 6(x) € O(x).

PROOF. If n € N, then

2n

4= (141" = Z <2n) S (2?1) _ (2n)! > H p = 86

- 2
i=0 ! n (l’l') n<p<2n
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Therefore,
8(2n) —6(n) < (2log2)n (1)

Observe that for § < 1, we have that 8(x + &) — 6(x) is at most log(x + 1). This allows us to
bound 6(x) in terms of 6([x]), and an application of the “Master Theorem” to (1), implies

that 6(x) € O(x). O
LEMMA 4.16. In the closed half plane R(s) > 1, the zeta function is nonzero and ®(s) — S—Ll
is holomorphic.
-1
PROOF. Recall that {(s) = H <1 — %) holds for R(s) > 1. By Prop 5.3.2 (in E. M. Stein
p

and R. Shakarchi, Complex Analysis), we have

E(s) $a-p ‘Z logp - 5()- log p -

(o 5 a- —S) ! > p(p—1)

: log p : o 1 :
Since, ﬁ converges to a holomorphic function in R(s) > > and using Corollary
pS pS —_
p

4.2.4, we have that ® extends meromorphically unto R(s) > %

In particular, this implies that {(s) has no roots in R(s) > 1, as otherwise the RHS
would have a pole there, but ®(s) is holomorphic in R(s) > 1 by a previous observation.
Note that

Res,_;®(s) = lime®(1+¢) =1
e—0

That is, ®(s) has a simple pole of residue 1 at s = 1, and by the analytic continuation of the
zeta function and (2), this is the only pole of ® in R(s) > % Therefore, ®(s) — % has a

holomorphic extension in R(s) > %

Now assume that ¢ has a zero of multiplicity u at s = 1 + ia. Since { is real on the real
line, the Schwarz reflection principle implies that 1 — i« is also a root of multiplicity u. Let
v be the multiplicity of the root at 1 + 2ia.

Similarly, using (2), we see that

limed(1+¢+ia)=

e—0

and that

limed(1 + € + 2ia) = —

e—0
We can therefore compute,

2

2 | | | |
B Giarerrm= (1) Dot - TR G 20
r=—2 >

r=-2
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On the other hand, expanding the following expression yields,

lime Z ( )@(1+€+rioc)6—8,u—2v

e—0

Combining the two results yields that 6 — 8 — 2y > 0 and hence 4u + v < 3. Since, u, v
are non-negative integers (multiplicities of roots), we must have u = 0, and so {(s) has no
roots on the line R(s) = 1. O

THEOREM 4.17 (ANALYTIC THEOREM). Let f(t) be a bounded, locally integrable function
over the non-negative reals. Suppose that the function

o(z) = / e £ (1) di

defined on R(z) > 0 extends holomorphically to R(z) > 0. Then / f(¢t) dt converges and
0
equals g(0).

(o] e _
LEMMA 4.18. The integral f % dx converges.
1
PROOF. Note that 6(x) = Zp 1,5, log p, and so if R(s) > 1, then
G(x) log p
Sf s+1 Z f s+1 p = Z ps = CI)(S)
p

Making a change of variable x = e’, we get that this is equal to

sf e s'0(e") dt
0

—t

Applying the analytic theorem to f(t) = 6(e')e
and is bounded by Lemma 4.15, we get that

f(z) = f°° e‘”(e(et)e“ - 1) dt = $+D) 1

— 1, which is clearly locally integrable

z+1 z

This is holomorphic by Lemma 16, and the poles at zero cancel by comparing residues, so
the analytic theorem implies that

/ ) (e(ef)e-f - 1) dt < o

Making a change of variables once again, we get that

/ Q(x)—xdx
1 x2

converges, as required. Hence proved. -
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LEMMA 4.19. The asymptotic equivalence 6(x) ~ x holds.

PROOF. Assume, for the sake of contradiction, that there exists some 4 > 1 such that
0(x) > Ax for infinitely many x. Then, by Lemma 4.18, we have

Ax Ax A
/ Q(t)—tdtZ/ A(t)—tdt=/ l_tdt>0
X t2 X t2 1 t2

However, this contradicts the convergence of the integral from Lemma 4.18.
Similarly, we get a contradiction if we assume that there exists some 4 < 1 such that
0(x) < Ax for infinitely many x. O

PROOF AND CONSEQUENCES OF THE PRIME NUMBER THEOREM

Now, we have the required analytical and asymptotic background to prove the Prime
number Theorem (Theorem 4.9 and Theorem 4.11, which are two equivalent statements).

THEOREM 4.20 (PRIME NUMBER THEOREM VERSION 1). Let 7r(x) be the prime counting
function. Then

() ~ ——
log x
PROOF. Note that
6(x) = Y, logp < Y, logx = 7(x)log x (3)
p<x p<x

However, we also have that forany 0 < € < 1,

0(x) = Z logp > Z logp > (1—¢)log x(n(x) - n(xl‘e)) (4)

p<x x1—¢<p<x
Combining (3) and (4), we get that forany 0 < € < 1,
O(x) 0(x)

< <—" 4+ 0(x'
logx_ﬂ(x)_(l—e)logx+ )

Now, since 6(x) ~ x, we can conclude that 7(x) ~ @. Hence proved. o

THEOREM 4.21 (PRIME NUMBER THEOREM VERSION 2). Let 7w(x) be the prime counting
function and Li(x) be the logarithmic integral. Then

7(x) ~ Li(x)

PROOF. It suffices to prove that Li(x) ~ @. Using integration by parts, we have

Li(x)—fx d _ x 2 +fx dt
, logt logx log2 ), (logt)>
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, it suffices to show that

. logx f ode
lim =0
x—oo X ) (log t)Z

Applying I’ Hopital’s rule, this is equal to

fx dt
(1 (" dt 1 .2 (logry
lim | — + = lim ————
x>0 \ X ) (lOg t)2 10g X X—00 X

Once again, applying I’ Hopital’s rule, we get that this is equal to

Note that to prove Li(x) ~

x
log x

li =0
x1—>r£10 (log x)?

which concludes the proof. O

: . o X
In fact, Li(x) provides an even better approximation to 7z(x) than @. It also turns out

X

that Li(x) belongs to the class O < ) ) although this was not required for our proof.

log x)?
We will now discuss some consequences of the Prime number theorem,

THEOREM 4.22. Let p, be the n* prime number. Then p, ~ nlogn.

PROOF. The prime number theorem implies that 7(x) log x ~ x, and hence, by properties of
loglo
asymptotic equivalence, we have that log 7(x)+loglog x ~ log x. However, lim % =

Pn

0, and so log 7(x) ~ log x. By the prime number theorem, we have that n ~ , and so

pn. ~ nlogp, ~ nlogn. Hence proved. " o

A longer proof that contains a recurring idea in analytic number theory is also presented.

Pn

log p,
for large enough n, we have that p$ > log p,, and hence p,~ < n < p,. Taking logarithms,
we see that

PROOF. Fix € > 0. By the prime number theorem, we have that n ~ . In particular,

(1—-¢)logp, <logn <logp,
and so log p,, ~ log n. Therefore, we get that p, ~ nlogn, as required. O

THEOREM 4.23. Forall € > 0, there exist N such that for alln > N, the interval [n, (1 + €)n|
contains a prime number.

PROOF. The prime number theorem, and elementary properties of asymptotic equivalence,
imply that

(1+e)x

7'[((1 + e)x) log ((1+e)x) 3 (1+¢)logx

~

7(x) = log((1+e)x)

log x
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7((1 +¢)x)
which by 'Hopital’s rule, tends to 1 + €. Hence, we have that lim T =1+¢,and
X—00 X

so there exists N such that 7((1 + €)x) > 7(x), for all x > N. This directly implies the
result. o

COROLLARY 4.24. Given any string of decimal digits a, --- a, there exists infinitely many
primes whose decimal representation begins with a, --- a,.

PROOF. Let M = qa, --- a;. The decimal representation of an integer n begins with a; --- a;
if and only if 10M < n < 10%(M + 1) for some k € N. Applying the previous theorem, we
see that the interval [10°M, 10¥(M + 1)] contains a prime for all large enough k. O

5 Sieve of Eratosthenes

Eratosthenes sieved out numbers divisible by small primes. We can this by considering the
function (an intermediate step of the sieve)

d(x,z) =#{n < x : p4n,where p <z}

where x,z € R*.

THEOREM 5.1. ¢(x,z) =x] [ <1 - %) + 0(29)

p<z

EXAMPLE 5.2. Suppose z = loglog x. We have, 0(2'°¢1°¢*) = O(log x).

1
QUESTION 5.3. How does x H (1 — —) grow?
p<loglogx p

We can observe that H (1 — %) <1lasz — oo, and prod — 0. Also, O(2?) grows very fast

p<z

1
in z if z is too big, O(2%) > x H (1 - 5) i.e., bigger than the main term.

p<z

PROOF. We will prove ¢(x,z) = xH (1 — %) + O(2%). Let P(z) = H p and (a,b) =
p<z p<z

gcd(a, b). We also observe that,

1 if(n,P(z) = 1
) =
dl(,%:(z))“ (@) %o if (n, P(2)) # 1
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Also,ifd |n < n =md forsomem € Z,implyingn <x < m< g Therefore, We
have

px,z)= D, 1

n<x
(n,P(2))=1

=>| D w@

n<x \ d|(n,P(z))

=> > ud)

n<x dn
d|P(z)

Z,u(d)Zl =Zl—[ J;éO whend < x

d|P(z) n<x m<=

Since, ifd | n < n = md, for some n € Z, then we observe thatn < x < m < 3
¢x.2)= 3, wd|%]
d|P(z)
= > (— + 0(1))
d|P(z) d
u(d)
= —_— 1
d<x d<x
1 1
N PR I .
P P pupalp) P1P2
(- - -2)
b §2) b3
We know that P(z) = H D, so we observe that d | P(z) implies d = Hp < P> Where S is

p<z
the subset of primes, p < z. So, the number of subsets of set of size z is 27, so we get the
error as O(27). Hence,

xI[ (1 - %) + 0(29)

p<z

Hence proved.
To improve on the error O(27), consider the function

Y(x,z)=#n<x:p|ln = p<z}
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where n is a z-smooth number. So, this tells us that

> M(d)l

d|P(z)

= 3 w@ (5 +om)

d<x
d|P(z)

=x Y, u(d)+ O(¥(x,z))
d(liliz)

$(x,2)

We have the following two goals to make sure to improve the bound we had in Theorem
5.1:
(a) We want to bound O(¥(x, z)).

(b) To make sure d < x, doesn’t break anything.

0g x

THEOREM 5.4. ¥(x,z) < x(log z) exp ( ) compare to 27
log z

We observe that ¥(x, z) < #(n < x) = O(x). We will use the Rantkin’s trick.

PROOF. We have

Y(x,z) = Z

n<x 1
pln= p<z

< Z (%)5 for some § > 0

n<x

pln = p<z
1
s -
<x* > —
n
pln = p<z
1 1
—x5H(1+—+—+?+...>
p<z p
1 -1
— 10 —
=T (1- pa)
p<z
1 -1
é
p<z
1 1\
T
X +
p5 = p25
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. 1 .
converges as z — oo, if & > S and using 1 + x < e*, so

P(x,z) < x° H (1 + %)

p<z

< x [T exp (%)

p<z

= x’exp| D, 1

p<z p5
Set § = 1 — n, for n small. So,
p—5 — p—lenlogp

using the fact that e* <1 + xe*, we have

W(x,z) < x'7exp| D) p~' (1 + nlog pe'er)

p<z
Takingn = @, we know that

logp
e’?lng = elogz
S
< plogz

1

< glogz

=e

So, we have

- 1 log p
PY(x,z) < x ez exp Z E (1 + Togz . e)

p<z

log x 1 e log p e
1 - -+ — logl 1 —(1 o
<X exp( logz)exp %p +10gZ§Z ’ ~ (loglogz + O( ))+logz( ogz+0(1))
p p
0(1)

< x'exp (—E) exp(loglog z)

ogz/
logz

<xl

Hence proved!

THEOREM 5.5. ¢(x,z) = x H (1 — %) +0 (x(log z)? exp (_logx>)

= log z
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PROOF.
d
sz =x > “YDy 0w 2)
ds_x d |
diP(2) <xlogz exp(—ll(;iz)
Z u(d) _ Z u(d) _Z u(d)
d<x d d|P(2) d d>x d
d|P(z) d|P(z)
()
‘We have that
) d| P(z)

ag = .
0 otherwise

A= D) 1<¥(,z)
d|P(2)//d<z

1 1
f(f)=? = f'(f)=—t—2
Hence, we get

e

d w(t (e
3 HD| 51 ¥0.2) +f GEI
d>x d d>x d t X t
d|P(z) d|P(z) *

Hence proved!

20

O

THEOREM 5.6 (MERTEN’S THEOREM). Let y be the the Euler-Mascheroni constant, where

. 51 11
y_gg<—1nn+ég)_/l (m—;> dx ~ 0.577216.

Then,

1 e’
H (1 B _) - log z

p<z p
PROOF. Using the fact that 1 + x < e*, we expand

[1(-5)<Mew(—5) =ow| -2

p<z p<z p<z

= exp(—loglogz + O(1))

log z
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log x

Taking logz = , where A is a arbitrary large-enough constant. So, we have

1 Axloglog x
xI[ (1 —~ E) < ogx

Aloglog x

p<z

Therefore, we get

O((l )? (10gx))<< ( log x )2 Alogl
x(log z)* exp Tog z X Aloglogx exp oglog x

log((log x)=4)
X

< A(log x)A-2(loglog x)?

So done! O

Let A be a set of integers < x, P a set of primes, and P(z) = H p. For each prime

pEP
p<z

p € P, let A, C A be a subset of integers belonging to w(p) distinct residue classes

modulo p. Define S(A, P,z) = #| A\ U A, |- For example, suppose A = {n < x}, then
plP(2)
A, ={n < x : p| n}. Now, suppose d is a squarefree number divisible by primes of P,

define w(d) = H w(p)and A,; = ﬂ A,
pld pld
Here is an example (idea): Suppose, we have

SAP,2) =D D wud)

aeA N\ d|(n,P(2))

Dud] D)1

d<x aceA
d|P(2) dln
————
#Ay

In general,

S@PAZ) = Y WdHA ~ like p(x,2) = 3 M(d)[gj

d<x d<x
d|P(z) d|P(z)

THEOREM 5.7 (THE SIEVE OF ERATOSTHENES). Suppose the following conditions hold:

(a) There exists an X such that #A,; = @X + O(w(d))~ like [gJ = Zl_c + O(1).
1
(b) Forsomex > 0, Z M <«xlogz + O(1).

plP(2)
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(c) Forsomey > 0, #A,; = 0 for every d > y.
Then,

!
S(A,P,2) = XW(z) + O ((X + L) (log 2)**1 exp (_ Ogy))
logz log z

where W(z) = H (1 — @)

pEP p
p<z

Instead of Z 1 < ¥Y(x,z),use Z w(d) :=F,(x, z).

d<x d<x
d|P(z) d|P(z)

6 Brun’s Sieves

Brun’s sieve is set up in essentially the same way as Eratosthenes. Given some set A of
integers < x, we have some collection of A » of elements we want to remove, and measure
the size of

S(A,P,z)=#[A\ | ] 4,
pIP(2)

The idea/punchline behind Brun’s results is that under similar, but slightly relaxed, hy-
potheses to the sieve of Eratosthenes, Burn proves that

S(A,P,z) = XW(z) + O(better error)

where X = #A4 and W(z) = H (1 — @>
pIP(2) p

THEOREM 6.1. Suppose the following conditions hold:

w(d )X + O(eo(d))~ like H =X 100

(a) There exists an X such that #A,; = 7 7

(b) There exists a constant C such that co( p) <C.

(c) There exist constants C, and C, such that Z ﬂ < C,loglogz + C,.

plP(z)
Then,

S(_/l, P, Z) = XW(Z) +XW(Z)O((]og Z)"? logn) + O(Zn loglogz)

main term error terms

where 1) is any positive number (possibly depending on x and z).
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log x

m. SO, we have

Previously, we saw that logz =

znlelogz — exp(nlog z loglog z)
_ nlog x B B )
= exp ( A—log logx (loglog x — log A — logloglog x)

n nlogA 7 logloglog x

n
= X A Aloglogx  Aloglogx <<XZ

small if, A is large.

x(loglog x)?

THEOREM 6.2. #{p < x : p and p + 2 are prime} < oy
ogx

We can observe that the above bound on the twin-primes is comparitively between than
the bound on the number of primes, i.e., compared with 7(x) ~ al

log x

PROOF. Let A, = {n < x : n=0 (mod p) orn = -2 (mod p)}. Using, our extimation

pin pln+2
log x

Aloglog x

og X

Aloglog x ) and using the fact that 1 + x < e*,

forlogz,i.e., , implying z = exp (

we get

SUA,P,z)<x]] (1 - E)

p<z b
1
K xexp|—2 Z —
p<z p
A%(logl 2
«_X _x (loglog x)
(log z)? (log x)?
) x(loglog x)? ! 1
#{p<x:p,p+2prime} <SUA, P, z)+1(z) K —————— + xAlelex < x2 O
(log x)? —_—
~—— error term
main term

1
COROLLARY 6.3. Z i < o

p
p+2prime

1 .. .
PROOF. We know that Z E diverges. By Abel summation, we have
p

V1 n,n+2prime
~lo else

A(t) = #{p < x : p,p + 2 prime}

fO=7= f©O=-7

a,
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Hence, we get

> l:@m+f At(zt)dt

p>1.5 p L5 .5
p+2prime
loglog b)? ® (loglogt)?
< lim —( oglogh) +0(1) + —( oglog!)
b—oo  (logb)? s t(logt)?
(o] 1 2
<<0+O(1)+/ (ngu) du
log1.5 u

) dt . . .
so by taking u = log ¢ and du = ~ > Wecan observe that it converges by comparison with

1
f Y du. o
uz

We will now discuss about some ideas behind Brun’s sieves. We are not going to prove the
entire thing, but we will discuss why these techniques give a better bound.
The big idea being discussed now is the truncated Mobius Inversion.

LEMMA 6.4. Let n,r € Z* with r < v(n) = #{distinct prime divisors of n}. There exists
|60] <1 such that,

D= Y pd+6| D wd

din dln d|n
v(d)<r v(n)=r+1

before proving the above claim, we will discuss our observations,

o z has 27 terms.
d|P(z)

1
o Z has <« xlogz exp <—£> terms.
logz
d<x
d|P(z)
3 Z has « 2" terms.

d|P(z)
v(d)<r
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PROOF. Letn,r € Z* with r < v(n) = #{distinct prime divisors of n}.

Dud =1+ (=D+ D (=144 > (=1)

d|n pln pip2ln p1---prln

v(d)<r
=1+ <V(1n)>(—1) + (V(Zn))(_l)z 4+ -+ (v(rn))(_l)r

S v(n)

v -1 .
- (e
D, ud <D ud) < Y, pu(d)

dln din dln

v(d)<2r+1 v(d)<2r
Y MDY ud~ Y ud) <o
dln din din

v(d)=2r+1 v(d)<2r

Choosing r = |nloglog x|, we get

SAP,2) = D md

aeA\ d|(a,P(2))

=2 2 H@+e 3 ud)

aeA | d|(a,P(2)) d|(a,P(z))
v(d)<r v(d)=r+1
(z r+1
P (r+1)!
v(d)<r

where X = #A and we chose #d | P(z) and v(d) = r + 1, i.e., choosing r + 1 primes from
7(z) primes. Now, we have

sar=x Y ud??io| T w@ +o(x z™ )
sV - -7 [m]
d|P(z) d dIP(2) (r+1)!
v(d)<r v(d)<r

The next big idea we are discuss in order to improve our bound is replacing Mobius
sums with an approximation.

D ud) — Y. u(d)g(d)

dln dln

Strategic choices of “lower” and “upper” weight functions give bounds

Y, md)g(d#A; < SA,P,2) < 3 u(d)gu(d)#Ay
d|P(z) d|P(z)

which are easier to count. So, we get the following theorem, based on this big idea.
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THEOREM 6.5 (BRUN’S MAIN THEOREM). There exist constants ¢, and c, such that
S(A,P,z) <, XW(z) + 0(z°)
and
S(A,P,z) > c,.XW(z) + 0(z°™1)
where 0 is given explicitely.

log x

1
We can can choose z = x¢ °. Earlier, we saw that logz = —————
Aloglog x

, implies z =

1
X Aloglogx
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