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Theorem (Fermat’s). an + bn = cn has no non-trivial positive integer solutions for all n ∈ Z, where
n > 2 and abc ̸= 0.

Proof. The proof follows a program formulated around 1985 by Frey and Serre [F, S]. By classical results
of Fermat, Euler, Dirichlet, Legendre, and Lamé, we may assume that n = p, an odd prime ≥ 11. Suppose
a, b, c ∈ Z, abc ̸= 0, and ap + bp = cp. Without loss of generality we may assume 2 | a and b ≡ 1
(mod 4). Frey [F] obsserved that the elliptic curve E : y2 = x(x− ap)(x+ bp) has the following remarkable
properties: E is semistable with conductor NE =

∏
ℓ|abc ℓ and ρE,p is unramified outside 2p and is flat at

p. By the modularity theorem of Wiles and Taylor-Wiles [W, T-W], then is an eigenform f ∈ S2(Γ0(NE))
such that ρf,p = ρE,p. A theorem of Mazur implies ρE,p is irreducible, so Ribet’s theorem [R] produces a
Hecke eigenform f ∈ S2(Γ0(2)) such that ρg,p ≡ ρf,p (mod ℘) for some ℘ | p. But X0(2) has genus 0, so
S2(Γ0(2)) = 0. This is a contradiction, hence there exists no non-trivial integer solutions.
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